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Abstract
Dark energy (DE) is not necessarily uniform when other sources of gravity are present:
interaction with matter leads to its variation in space and time. We study cosmological
implications of this fact by analyzing cosmological models in which DE density interacts
with matter and thus changes with time. We model the DE–matter interaction by
specifying the rate of change of the DE density as an arbitrary function of it and the
density of matter, in a single–phase case. In the case of several matter components
interacting with dark energy we assume the rate of every interacting phase density to be
an arbitrary function of this density and the DE density. We describe some properties
of cosmological solutions valid for a general law of DE–matter interaction, and discuss
physical admissibility of the interaction laws. We study numerous families of exact
solutions, both singular, non-singular, and mixed. Some of them exhibit interesting
properties, such as, for instance, absence of the horizon problem due to the initial fast
growth of the scale factor (any power of time possible); non-singular evolution from one
de Sitter universe (pure DE with no matter) to the other one with a different DE density;
DE dominating either from some moment of time on, or throughout the expansion; dark
matter dominating normal matter at large times without any parameter tuning, and
so on. All the results are obtained strictly within the framework of general relativity,
Einstein’s theory of gravity, without modifying it in any way.
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I. INTRODUCTION. NON-UNIFORM DARK ENERGY
According to Einstein’s equations of general relativity, any energy-momentum
tensor Tαβ must satisfy the condition of energy and momentum conservation,
Tαβ;α = 0 . (1)
In 1965 Gliner [1] pointed out that the simplest energy–momentum tensor is that
of what is now called the dark energy, or heavy vacuum:
Tαβ = ρvac gαβ . (2)
Here ρvac is the DE density proportional to the Einstein cosmological constant, Λ.
If dark energy is the only source of gravity, i.e., there are no other terms in the
energy–momentum tensor except the one in the equation (2), the condition (1), in
view of gαβ;α = δ
α
β;α = 0, implies
ρvac, α = 0, ρvac = const . (3)
In other words, the density of heavy vacuum is uniform always and everywhere if
the spacetime is created only by DE, with nothing else present in it.
Gliner also established the equation of state (EOS) of DE:
pvac = −ρvac ; (4)
thus for positive DE density its pressure is negative. This EOS is easily verified
by comparing the tensor (2) with the energy-momentum tensor of a perfect fluid:
Tαβ = −pgαβ + (ρ+ p)uαuβ . (5)
The actual values of density, ρ, and pressure, p, are restricted by the equations
following form the conservation condition (1) for each particular metric.
Writing the energy-momentum tensor when DE and other gravity sources are
present in the most general form as
Tαβ = ρvac gαβ +Qαβ, Qαβ 6= 0 ,
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we stress that the conservation law requires only
ρvac, β +Q
α
β;α = 0 .
So ρvac 6= const, unless Qαβ is conserved separately.
The tensor (5) is used in cosmology to describe matter in the universe. Recent
observational data from Supernovae and CMB anisotropy demonstrated the dom-
inating presence of DE in our universe. Therefore its complete energy-momentum
tensor is now taken as a sum of the tensors (2) and (5):
Tαβ = ρvac gαβ + [−pgαβ + (ρ+ p)uαuβ] . (6)
(in particular, with p = 0 this is assumed in the ΛCDM model). By condition (1),
the divergence of this expression must vanish:
ρvac, β +
[
−pgαβ + (ρ+ p)uαuβ
]
;α
= 0 . (7)
Nothing else is implied by the conservation condition (1): as soon as (7) is true,
energy and momentum are conserved, and vice versa.
However, for no evident reason, except simplicity, computational convenience,
and perhaps some kind of intellectual inertia, in modern cosmology it is usually
assumed that DE density is uniform, as in (3). So each of the two terms describ-
ing DE and matter is assumed to be conserved separately, and matter density
and pressure satisfy the same conservation equations as in the case when there is
nothing else but matter.
Apparently, this assumption is mathematically redundant; even worse, it is
suspicious from the physics standpoint, because it makes heavy vacuum absolute,
independent of anything else, by forbidding, in fact, its interaction with matter.
We do not see why should it be so; rather, it seems natural to think that dark
energy, being a special state of a physical medium, should interact with other
physical substances populating the universe. Gliner [2] and Gliner and Dymnikova
[3] held this point of view, but did not pursue in full its cosmological implications.
Their most important suggestion of a non-singular cosmology could not reflect
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the modern knowledge of the strong continuous presence of heavy vacuum, thus
considering DE as just a non-singular initial state of the universe that turns to pure
matter through an instant phase transition at the beginning of the cosmological
expansion.
Along these lines of thinking, below we study in detail the Friedmann cosmology
with variable density of heavy vacuum, that is, under the condition (7) only.
In it, DE and matter coexist and permanently interact with each other. The
interaction is modeled in a rather general way strictly within the framework of
general relativity.
This appears to be even more reasonable since the ΛCDM model is found in cer-
tain contradictions (‘tensions’) with the modern observational data (see paper [4]
and the references therein). Moreover, recent observations tentatively indicate
that dark energy in our universe does evolve (see e.g. [5]), so some alternatives
to the constant DE model have been considered in papers [6] - [13] (see also the
references therein and in [5]).
II. FRIEDMANN COSMOLOGY WITH CHANGING DARK ENERGY
The energy-momentum tensor (6) can be written in the form (5) of a perfect
fluid,
Tαβ = −ptot gαβ + (ρtot + ptot)uαuβ , (8)
whose density, ρtot, and pressure, ptot, are defined as
ρtot = ρ+ ρvac, ptot = p+ pvac = p− ρvac ; (9)
the last expression here is implied by the DE equation of state (4).
We study the Friedmann cosmology using the Robertson – Walker metric
ds2 = dt2 − a2(t)
[(
1− kr2
)−1
dr2 + dθ2 + r2 sin2 θ dϕ2
]
, (10)
with the dimensionless scale factor a(t) being the only unkown, and k = 0, −1, 1
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for the flat, open and closed universe, respectively; we use the system of units with
c = G = 1.
For the expressions (8) and (10) Einstein’s equations are known to reduce to
the Friedmann equations, which we write as:
3
(
a˙
a
)2
= 8piρtot − k
a2
; ρ˙tot = −(ρtot + ptot) 3 a˙
a
(11)
(the dot always denotes the derivative in time). The second of this equations
is one of the four conditions (7) in co-moving coordinates (u0 = 1, u1 = u2 =
u3 = 0) with β = 0; it expresses energy conservation in a co-moving volume (see
below). The other three conditions (7) require that ρvac is independent of all
spatial coordinates, which is also clear from the assumptions made.
Equations (11) can be combined to yield the expression for the acceleration,
3
a¨
a
= −4pi (ρtot + 3ptot) . (12)
It shows that the expansion accelerates, decelerates, or proceeds uniformly depend-
ing on the sign of the ‘effective gravitating density’ ρtot + 3ptot (negative, positive
or zero, respectively). If only DE is present, i.e., ρtot = ρvac, ptot = pvac = −ρvac,
then
ρtot + 3ptot = −2ρvac < 0 ,
and expansion accelerates; thus heavy vacuum gravity is repulsive. In the opposite
case of pure matter, ρvac = 0, the sign depends on its equation of state; usually
matter is attractive, leading to deceleration.
It is convenient to introduce the co-moving volume as
V (t) = a3(t), a(t) = V 1/3(t) , (13)
and rewrite the Friedmann equations (11) in terms of it. Using V (t) in the second
equation as an independent variable instead of time, we obtain:
1
3
(
V˙
V
)2
= 8piρtot − k
V 2/3
;
d (ρtotV )
dV
= − ptot . (14)
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The first of these equations determines the time dependence of the volume, and
hence of the scale factor and all other parameters. Indeed, as soon as the total
density is known as a function of the volume, ρtot = ρtot(V ), the dependence of
the latter on time is obtained by direct integration, namely:
t− t0 =
V (t)∫
V0
dV
V
√
3 [8piρtot(V )− k V −2/3]
, V0 = V (t0) . (15)
Thus everything reduces to the second of equations (14), which describes con-
servation of total energy, ρtotV , in the co-moving volume by implying
d (ρtotV ) + ptot dV = 0 .
This single equation, however, contains three unknown functions, ρ, ρtot and p:
d [(ρvac + ρ)V ]
dV
= − ptot = −(p+ pvac) = −(p− ρvac) . (16)
The equation of state (EOS) of a single–phase matter relates its pressure and
density, reducing thus the number of unknowns to two, ρ and ρvac Of course, it is
impossible to determine both of them simultaneously form the single equation (16).
The situation is even worse when there are N > 1 matter components, each with
its own EOS; then all the N + 1 densities are unknown, with just the same single
equation for all of them (see sec. III A).
Clearly, what is missing yet is the law of interaction between DE and mat-
ter, which would provide the second equation needed to determine the expansion
completely. Its physical derivation, especially from the first principles, is an out-
standing problem of physics and cosmology, and a great challenge to the physics
theory. Since we currently do not know how to derive this equation, the only way
to understand possible features of the universe seems to rely on certain plausible
models (and hope that at least some of them are not very far from reality!).
In what follows we model the interaction of heavy vacuum with matter, and
study cosmological solutions that stem form these models; some of the solutions
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exhibit remarkable properties. We will use the energy conservation equation (16)
in the form more convenient for our purposes:
d [(ρvac + ρ)]
dV
= −(ρ+ p)
V
. (17)
III. COSMOLOGY WITH DARK ENERGY AND A SINGLE TYPE
OF MATTER: GENERAL INTERACTION MODEL
Let matter be present in a single phase with the equation of state
p = wρ . (18)
Since ρ + 3p = (1 + 3w)ρ, the matter is attractive, according to (12), when
w > −1/3 [34]. However, as a rule this parameter is non-negative for the known
types of matter: w = 0 for pressure-less matter (‘dust’), w = 1/3 for radiation
(ultra-relativistic gas), and w = 1 for the super-dense Zel’dovich fluid [14] (it seems
the largest w known so far). Eliminating p from equation (17) by the EOS (18),
we write it as
d [(ρvac + ρ)]
dV
= −(1 + w)ρ
V
. (19)
Note that if there is no matter, ρ = 0, then this equation gives ρvac = const.
which is the de Sitter solution. If, on the contrary, only matter is present, ρvac = 0,
equations (19) and (15) imply the usual solutions (see below). When both the DE
and matter are present, the standard approach is to assume that matter conserves
separately, dρ/dV = −(1 + w)ρ/V . Equation (19) then implies the constant DE
density, and the whole solution becomes
ρvac = const, ρ = C/V
(1+w), C > 0 . (20)
We assume, instead, that matter and heavy vacuum are interacting. We model
this interaction by specifying the rate of change of the DE density as
dρvac
dV
=
F (ρvac, ρ)
V
, (21)
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Here F is some function of two variables, so far arbitrary. Note that it must
actually depend on the second variable, ρ, otherwise there will be no DE–matter
interaction, just an independent law of the evolution of the dark energy density.
Some cosmological models with dynamical dark energy have been studied earlier
(see [6], [7] the references there in and below. A full list of models considered
before 1998 is given by in the paper [6] see Table I there). Mostly, these models
treated the DE density as a known function of time, or the scale factor, or the
Hubble parameter, H = a˙/a [35], or the acceleration parameter a¨/a (typically,
some power functions have been used). The first two dependencies do not actually
model the DE–matter interaction, rather try to trace it consequences.
A cosmological model for a flat Friedmann universe with a single matter phase
and dynamical dark energy whose density is a known function of the Hubble pa-
rameter, ρvac = ρvac(H), H = a˙/a, was systematically studied by I.L. Shapiro and
J. Sola` and their co-authors in papers [15] - [18]. They took into account some
considerations of the renormalization group techniques of quantum field theory
hinting that ρvac(H) might be a series in even powers of H; particular solutions
were studied with DE density being an even polynomial of H.
Our model (21) allows for an arbitrary ρvac(H) as its particular case. Indeed,
specifying the interaction function as
F (ρvac, ρ) = F (ρvac + ρ) = F (ρtot) ,
by the first of the Friedmann equations (11) with k = 0 we find that it is a function
of the Hubble parameter only, F = Φ(H). Function Φ(H) is determined from the
compatibility of equations (11) and (21) as soon as ρvac(H) is fixed; the details
are given in Appendix A. Still, this model, in which the DE–matter interaction is
completely determined by the total density only, appears to be not very compelling.
However, this is not quite so for the open and closed universe. In Appendix A we
extend the ρvac(H) model to these cases, k = ∓1, and show that it corresponds to
some complicated enough interaction function F (ρvac, ρ).
Finally, the model with ρvac = ρvac(a¨/a) is also a particular case of our
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model (21), in view of the acceleration equation (12). In this case the interac-
tion function is
F (ρvac, ρ) = Φ(η), η = ρtot + 3ptot = (1 + 3w)ρ− 2ρvac = (−3/4pi)(a¨/a) ;
it is related to ρvac(η) by the equality
Φ(η) = −(1 + w)[η + 2ρvac(η)]ρ
′
vac(η)
1 + 3(1 + w)ρ′vac(η)
.
This is similar to the expressions (A6) and (A12) of the previous model ρvac(H),
and it works for a cosmology with any spacetime curvature, k = 0,±1.
Returning to our consideration we notice that as soon as F (ρvac, ρ) is specified,
the system of two equations (19) and (21) allows one to determine ρvac and ρ as
functions of V , and, due to (15), as function of time, i.e., to get the complete
picture of cosmological expansion. The form (21) of the interaction equation is
rather general; on the other hand, it simplifies the choice of a particular model
belonging to this wide class. It is straightforward to combine the equations so that
each of them contains just one derivative (standard form):
dρ
dV
= −(1 + w)ρ+ F (ρvac, ρ)
V
,
dρvac
dV
=
F (ρvac, ρ)
V
. (22)
Introducing a new independent variable λ = ln (V/V∗) (V∗ = const > 0 is arbi-
trary), we see that the governing system is autonomous:
dρ
dλ
= − [(1 + w)ρ+ F (ρvac, ρ)] ; dρvac
dλ
= F (ρvac, ρ), λ = ln (V/V∗) . (23)
Thus a powerful arsenal of methods applicable to autonomous systems in the
plane can be used for a qualitative study of solutions of equations (23) based on the
properties of the interaction function F (ρvac, ρ). Alternatively, we will investigate
particular implementations of the general model and study the properties of the
corresponding exact solutions.
We are only interested in physically meaningful solutions for which the densities
ρ, ρvac are non-negative, and the matter density vanishes at large times:
ρ→ +0 when λ→ +∞ (V, a, t→ +∞) . (24)
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It is also natural to assume that the DE density is bounded at large times for a
physically sound cosmological solution. Thus we exclude ”the big crunch” from the
discussion, mainly to limit our rather extended analysis. Also, a typical solution
has either an initial, or a final singularity, or none at all, but not both simultane-
ously; the existence of the big crunch in our universe seems rather improbable.
The above requirements restrict the possible interaction laws. For instance, no
physical solutions exist when the interaction function is bounded away from zero
for all relevant values of its arguments,
F (ρvac, ρ) ≤ −F0 < 0, or F (ρvac, ρ) ≥ F0 > 0; F0 = const > 0 .
Indeed, in the first case the DE density becomes negative at a finite moment of
time and tends to the negative infinity in the large time limit; in the second case
it goes to the positive infinity; and in both cases the matter density does not tend
to zero at large times. This is easily seen, under the above conditions, from the
equations (23).
The way to meet the requirement (24) is to have an attracting rest point
ρ = 0, ρvac = ρ∞ = const > 0. All the rest points (critical points, equilibria) of
the system (23) are described by the equations
ρ = 0, F (ρvac, 0) = 0 . (25)
A physical rest point exists when the second of these equations has a non-negative
root. If the root is zero, then no source of gravity is present, and it is a Minkowsky
spacetime; a positive root corresponds to a de Sitter universe with the uniform DE
and no matter. (Quite appropriately, the de Sitter universe is static, even though
it can be described by the Robertson—Walker metric with the time–dependent
scale factor). So, if a cosmological solution tends to such rest point, then the final
state is a de Sitter universe, as in the ΛCDM model.
We now go about some particular interaction models and analyze the exact
cosmological solutions emerging from them.
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A. Linear Interaction between Dark Energy and Matter.
Exact Solution for Singular Cosmology Dominated by Dark Energy
The simplest kind of DE–matter interaction appears to be when the rate of ρvac
is proportional to ρ,
F (ρvac, ρ) = −sρ . (26)
This is our first choice; it is remarkable also because it introduces just one new
dimensionless parameter, s. In addition, the whole positive semi–axis ρvac ≥ 0
consists of the roots of the equation (25), so that ρ = 0, ρvac = ρ∗ ≥ 0 is the rest
point for any ρ∗.
The governing equations (23) become
dρ
dλ
= −(1 + w − s)ρ; dρvac
dλ
= −sρ ,
The first of them shows that this type of interaction with DE just changes the
parameter in the linear EOS (18) of matter, replacing w with w − s. In other
words, the effective pressure here is
peff = (w − s) ρ ; (27)
noteworthy, matter effectively acts as quintessense when s > w, and its gravity
becomes repulsive for s > w + 1/3.
The governing linear system with constant coefficients is immediately inte-
grated; the result for s 6= 1 + w, in terms of the independent variable V , is:
ρ =
C
V 1+w−s
;
ρvac = ρ∞ +
s
1 + w − s
C
V 1+w−s
= ρ∞ +
s
1 + w − s ρ ; (28)
ρtot = ρ∞ +
1 + w
1 + w − s
C
V 1+w−s
= ρ∞ +
1 + w
1 + w − s ρ ,
where C > 0, ρ∞ ≥ 0 are arbitrary constants. The evolution of matter density is
given by a power dependence, but the power value is different than the usual one
because of the DE–matter interaction.
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Condition (24) of vanishing ρ at large times restricts parameter s from above:
s < 1 +w (recall that we excluded the big crunch from our discussion). The lower
bound for it comes from the requirement ρvac > 0 implying s > 0 (otherwise the
DE density is negative at least for small enough times, V → +0). Therefore the
interaction parameter s proves to be well constrained:
0 < s < 1 + w . (29)
The left inequality here means, by the way, that the interaction is permanently
reducing dark energy and producing matter; there is no physical solution in the
opposite case. Notably, here not only the matter, but also the DE density is
singular at the beginning. So both matter and dark energy are born in the Big
Bang, unlike the usual solution with uniform dark energy, where the density of the
latter is some finite constant.
The time behavior of the solution is given by the formula (15) where it is
convenient to set t0 = 0 and V0 = 0. The integral there can be calculated explicitly
in some cases (see [19], where similar integrals are treated systematically). Here we
show just most significant small and large time asymptotics of the solution (28),
which is straightforward to get from the analysis of the expression (15). Evidently,
for large time (V → +∞) we have the usual exponential acceleration caused by
the limit constant DE density, ρ∞:
a ∼ exp(t/τ), ρ = O(exp(−3(1 + w − s)t/τ))→ 0 ,
ρvac → ρ∞ +O(exp(−3(1 + w − s)t/τ))→ ρ∞, t→ +∞ ;
τ =
√
8piρ∞/3. (30)
The solution emerges from the initial singularity (V → +0) according to
a ∼ t2/3(1+w−s) → +0, ρ ∼ ρvac ∼ t−2 → +∞, t→ +0 . (31)
Of course, for s = 0 the scale factor and matter density behave exactly as in the
Friedmann solutions, since there is no DE–matter interaction. For the values of
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the interaction parameter s from the physical range (29), the power 2/3(1+w−s)
that specifies the initial time dependence of the scale factor is always larger than
its Friedmann value 2/3(1 + w). The expansion thus goes faster, at least in the
beginning. This is the effect of the repulsive heavy vacuum whose density is as
singular as the matter density is. Moreover, this power can be larger than unity,
2/3(1 + w − s) > 1 when s > w + 1/3, so that for
w + 1/3 < s < w + 1 (32)
there is no horizon problem. Consistently, this is the range where the existing
material effectively behaves as a repulsive quintessense, since, by (27), its effective
gravitating density becomes negative,
ρ+ 3peff = 3(w + 1/3− s)ρ < 0 .
The expansion is faster, the closer s is to w+ 1, it beats any power of time when s
tends to this upper bound of its range. One can speak thus about ‘inflation’, but
of the power, rather than the exponential, one.
Note that the parameter range (32) is impossible for the closed universe
(k = 1) requiring 0 < s ≤ w+ 1/3, to compensate for the negative curvature term
−a−2 = −V −2/3 (see equation (15)).
Quite naturally, Friedmann solutions (ρvac = 0) cannot be obtained from (28),
because for ρvac = 0, ρ 6= 0 the second of the governing equations is contradictory
unless ρ ≡ 0. On the other hand, the mentinoned de Sitter solution with any value
of the DE density is given by the expressions (28) with C = 0.
Next we note that the solution (28) is dominated by DE at large times indepen-
dent of parameter values. To see what is dominating for other periods of evolution,
it is instrumental to calculate the difference
ρdif = ρvac − ρ = ρ∞ + 2s− (1 + w)
1 + w − s
C
V 1+w−s
= ρ∞ +
2s− (1 + w)
1 + w − s ρ . (33)
This formula shows that the range (29) of the interaction parameter s is di-
vided by exactly its midpoint, (w + 1)/2, into two parts: 0 < s < (w + 1)/2,
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with the corresponding cosmological solutions initially dominated by matter, and
(w + 1)/2 ≤ s < w + 1, when DE dominates throughout the expansion. Indeed,
in the latter case ρdif > 0, ρvac > ρ at all times (and ρdif even turns to +∞
when t→ +0 for s strictly larger than (w + 1)/2). In the former case the density
difference is negative (ρ > ρvac, matter dominates) from the beginning until
V =
[
1 + w − 2s
1 + w − s
C
ρ∞
] 1
1+w−s
, 0 < s < (w + 1)/2 ,
when it turns to zero. After this moment the difference becomes positive, DE
starts dominating and continues for the rest of the time.
Summarizing our last observations we point out that: a) the initial expansion
can be fast enough to resolve the horizon paradox for s > w + 1/3; b) DE is
dominating throughout the whole expansion if and only if
s ≥ (w + 1)/2 (34)
(this means s ≥ 1/2 for dust (w = 0), and s > 2/3 for radiation (w = 1/3)).
We also note that the excluded case s = 1+w produces a physically meaningless
but rather peculiar solution: the matter density does not change, ρ = const, while
the DE density goes from plus to minus infinity as a log of the inverse scale factor.
An interaction depending on an arbitrary linear combination of both densities
is analyzed below in section III C 1.
B. The Role of Non-Linearity: Interaction Laws F (ρvac, ρ) = f(ρ)
and the Corresponding Class of Exact Solutions
1. General Solution and Its Properties
A natural generalization of the linear interaction law (26) is:
F (ρvac, ρ) = f(ρ) , (35)
where f is an arbitrary function of one argument. The first of the governing
equations (22) again is the equation for matter density only, which shows that the
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interaction (35) means the change in the matter EOS from the linear relation (18)
to the following non-linear one:
peff = wρ+ f(ρ) . (36)
Integration of the separable equation (22) provides an algebraic equation for
the matter density ρ = ρ(V ),
ln
V
V∗
= −
ρ∫ dx
(1 + w)x+ f(x)
. (37)
Then the DE density is found by integrating a known function. This operation,
however, might be not easy to practically implement when the equation (37) cannot
be solved for ρ explicitly. To overcome this difficulty, we note that the governing
equations imply
dρvac
dρ
= − f(ρ)
(1 + w)ρ+ f(ρ)
,
giving an expression for ρvac through ρ, ρvac = ρvac(ρ(V )):
ρvac = −
ρ∫
vac
f(x) dx
(1 + w)x+ f(x)
. (38)
Depending on the properties of the function f , formulas (37) and (38) might or
might not represent physical solutions that require both densities to be positive and
have a reasonable behavior. Even the condition (24) of matter density vanishing
at large times might not be fulfilled; however, if f(ρ) behaves linearly for small ρ,
f(ρ) = −sρ [1 + o(1)], ρ→ +0, (39)
then the expression (28) for matter density is retained for large times (large V ),
so it turns to zero at the end of expansion.
To specify f(ρ) in such way that the obtained solution is physically meaningful
turns out to be not an easy job. For instance, let us take a non-linear interaction
described by a quadratic dependence,
F (ρvac, ρ) = f(ρ) = −ρ2/R , (40)
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where R is an arbitrary parameter. Calculating the integral (37) results in the
following expression for the matter density:
ρ =
(1 + w)R
(V/V∗)1+w − 1
(
V
V∗
)1+w
, ρ > (1 + w)R ;
ρ =
(1 + w)R
(V/V∗)1+w + 1
(
V
V∗
)1+w
, ρ < (1 + w)R . (41)
It might look nice, but is not relevant, in fact, from the physics point of view,
for both signs of parameter R. It is straightforward to see that a meaningful
positive solution does not exist on the whole semi-axis 0 < V < ∞, and it has
a strange singularity at a finite time (finite volume V = V∗). Moreover, if the
physical solution exists at large times, it does not go to zero when t → +∞,
tending instead to the positive limit (1 + w)R.
As it turns out, same problems surface for any non-negative power laws f(ρ) ∝
ρµ, µ > 1, as well as for the inverse power dependencies f(ρ) ∝ ρ−µ, µ > 0.
Polynomial functions, like
f(ρ) = −sρ− ρ2/R ,
satisfying condition (39) do not help, either, leading to non-physical solutions.
All these laws do have something in common: for all of them the non-linearity
becomes overwhelming, too strong, in one of the characteristic limits ρ → +0 or
ρ → +∞. This observation brings one to a thought that condition (39) could be
helpful in both limits of small and large densities,
f(ρ) = −sρ [1 + o(1)], ρ→ +0 and ρ→ +∞ . (42)
And indeed, asymptotic analysis of the integrals (37) and (38) under this condition
immediately demonstrates that the solution (28) is retained, for small and large ρ
(small and large V ), and thus the proper behavior (30) and (31) takes place.
Condition (42) subordinates non-linear part of interaction to the linear one
for both small and large densities. However, between the start and end of the
expansion, non-linearity can be dominating and cause thus significant deviations of
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parameters from their values (28) obtained for purely linear interaction. Moreover,
the strong influence of non-linearity can lead to new singularities in the course of
the expansion, again making the corresponding solution non-physical. For this
reason, (42) is not a sufficient condition for a solution to be sound from a physical
standpoint; it only guarantees an acceptable behavior at initial singularity and
infinity.
We illustrate these peculiarities using one but rich enough example.
2. Example: Exact Solution for a Special Form of Function f(ρ)
Let us consider the interaction law (35) with
f(ρ) = −sρ
(
1 +
θρ1/2
ρ+R
)
; (43)
here θ is a new parameter. This function satisfies condition (42):
f(ρ) = −sρ [1 +O(ρ1/2)], ρ→ +0; f(ρ) = −sρ [1 +O(ρ−1/2)], ρ→ +∞ .
The integrands of integrals (37) and (38) turn into rational fractions by the substi-
tution x =
√
ρ, thus both integrals are calculated explicitly in terms of elementary
functions. The result depends on the behavior of the following quadratic polyno-
mial in the denominator of some fractions,
P (x) = x2 − qx+R, q = sθ/(1 + w − s) , (44)
that is, on the sign of its discriminant
∆ = q2 − 4R . (45)
Case 1: ∆ = q2 − 4R < 0
Since the non-linearity of interaction (43) is stronger, the larger θ and the
smaller R, here we deal with a (relatively) weak non-linearity. In this case the
polynomial P (x) is positive on the whole real axis, and formulas (37) and (38)
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reduce to the equations (C > 0, ρ∗ > 0 are constants of integration):
ρ =
C
V 1+w−s
exp
[
−q|∆|−1/2 arctan ξ(ρ)
]
, ξ(ρ) =
(
ρ1/2 − q/2
)
|∆|−1/2 ; (46)
ρvac = ρ∗ +
s
1 + w − sρ+ 2θ
s(1 + w)
(1 + w − s)2
[
ρ1/2 + h(ρ, s, θ, R, w)
]
, (47)
h(ρ, s, θ, R, w) =
(
q2/2−R
)
|∆|−1/2 arctan ξ(ρ) + (q/2) ln
[
1 + ξ2(ρ)
]
.
Equation (46) for the matter density has a unique solution ρ = ρ(V ) in the whole
range 0 < V <∞, which behaves properly, i. e., starts with a singularity at V = 0
and monotonically goes down to zero at infinity. Therefore the DE density (47)
also behaves properly.
Both expressions, though somewhat cumbersome, do not differ much qualita-
tively from their counterparts in the ‘basic’ solution (28). Particularly, they require
the same parameter range (29), 0 < s < 1 + w. The exponential factor in (46)
replaces unity in the corresponding equation (28) and, since the arc-tangent is
bounded, it does not change much throughout the expansion. However, depend-
ing on parameters, the difference in the matter density values (46) and (28) can
be large for some period of time, especially when q2 is close to 4R.
As seen from (47), the DE density also behaves in a familiar way: the two
first terms are same as in (28), followed by the correction due to interaction non-
linearity proportional to θ. Also as in the case (28), the solution is permanently
dominated by dark energy when s > (1 +w)/2. The main difference as compared
to ρvac from the solution (28) is: 1) the constant of integration ρ∗ is not the limit
value of the DE density at infinity, due to the addition from the non-linearity,
ρ∞ = ρ∗ +
(
R− q2/2
)
|∆|−1/2 arctan
(
q|∆|−1/2/2
)
;
2) according to the equation (47), non-linearity adds the log term to the initial
singularity in the DE density; it is, however, weaker than the power singularity.
Anyway, this is a physically meaningful solution; not always so in other cases.
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Case 2: ∆ = q2 − 4R = 0, q2 = 4R
Here we deal with the boundary case between weak and strong interaction non-
linearity. The equations for the densities have the same structure (46), (47):
ρ =
C
V 1+w−s
exp
(
q
ρ1/2 − q/2
)
; (48)
ρvac = ρ∗ +
s
1 + w − sρ+ 2θ
s(1 + w)
(1 + w − s)2
[
ρ1/2 + h(ρ, s, θ, R, w)
]
, (49)
h(ρ, s, θ, R, w) = q
[
q2/4
ρ1/2 − q/2 − ln
ρ1/2 − q/2
q/2
]
.
The rest, however, totally depends on the sign of the interaction parameter q
coinciding with the sign of θ for the required range 0 < s < 1 + w.
If it is negative, q = −2√R < 0, then equation (48) has a unique solution ρ(V )
for any positive V , and both densities exhibit exactly the same qualitative behavior
as in the case a). All observations made regarding the expressions (46), (47)
remain true, we have yet another physically meaningful solution. Its matter density
monotonically decreases from infinity at t = 0 (V = 0) to zero at t = ∞ (V =
∞), and positive DE density goes from infinity to some positive value. This
happens because the non-linear part of the law (43) works against the linear one,
reducing thus the DE–matter interaction, i.e., making it weaker. In other words,
the effective pressure (36) corresponding to the interaction (43) ,
peff = (w − s)ρ+ s|θ|ρ
1/2
ρ+R
is less repulsive due to non-linearity.
In the opposite case q = 2
√
R > 0 the picture is drastically different. An
essential singularity at ρ = q2/4 appears in the equation (48) which prevents it
from having a unique solution with the reasonable behavior on the whole semi-axis
(note that the graphic analysis of all the functional equations for ρ we obtained so
far is rather transparent). Similar to the case of the interaction law (40) and other
ones mentioned above, there is either a solution on a finite interval 0 < V < V∗,
or a solution on the semi-axis 0 < V < ∞ that starts with zero at V = 0 and
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becomes singular at infinity. Thus this case presents no physical solution at all; the
interaction proves to be too strong, since its non-linear part enhances the linear
one or, in other terms, the corresponding effective pressure
peff = (w − s)ρ− s|θ|ρ
1/2
ρ+R
turns out too repulsive because of the second term.
Case 3: ∆ = q2 − 4R > 0
We finally treat the ‘strongly’ non-linear case. The quadratic polynomial (44)
has two real roots x1 < x2,
x1,2 =
1
2
(
q ∓
√
∆
)
,
which are both negative for q < 0, and both positive in the opposite case. The
formulas for the densities are
ρ =
C
V 1+w−s
∣∣∣∣∣ρ1/2 − x2ρ1/2 − x1
∣∣∣∣∣
2q/
√
∆
; (50)
ρvac = ρ∗ +
s
1 + w − sρ+ 2θ
s(1 + w)
(1 + w − s)2
[
ρ1/2 + h(ρ, s, θ, R, w)
]
, (51)
h(ρ, s, θ, R, w) =
2√
∆
[
(R− qx2) ln |ρ1/2 − x2|+ (R + qx1) ln |ρ1/2 − x1|
]
.
They have the same properties as those from the previous case: for q < 0 (x1,2 < 0)
(interaction reduced by non-linearity), equation (50) has no singularities giving rise
to a unique meaningful cosmological solution with the kind of behavior described
several times above. Contrary to this, when θ > 0 (x1,2 > 0) (interaction enhanced
by non-linearity), no physical solution exists because of the singularities at ρ2 =
x1,2 in both equations.
This example allows us to conclude that even if the interaction function f(ρ)
satisfies condition (43), the interaction may be too strong for the physical solution
to exist. The conclusion most probably applies to a general interaction law (21) as
well: repulsive non-linearity should be not too strong to yield meaningful solutions.
Note that a general linear interaction law involving both densities is considered
in section III C 1, and two non-linear completely integrable models are found in
Appendix B.
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C. Non-Singular Cosmological Solutions Starting and Ending with Pure
Dark Energy (de Sitter Universe)
Interaction between dark energy and matter allows for cosmological solutions
which do not start at a singularity. Instead, their initial and final state is a
universe with dark matter only; DE densities in the beginning and end are generally
different, and may differ by an arbitrary amount. Below we study such solutions
in detail. Note that some non-singular solutions were studied in papers [6], [7],
and in [20] - [24] for the ρvac = ρvac(H) model discussed above .
1. A Toy Linear Model: Initial Jump in DE density
We first explore the general linear interaction law by setting
F (ρvac, ρ) = −sρ+ θ(ρvac − ρ∞), θ 6= 0 (52)
(the case θ = 0 is examined in full in section III A). Here s, θ and ρ∞ > 0 are
the model parameters; the last of them represents the only equilibrium value of
uniform DE density possible in this system. It also plays a role of the threshold
for self-action of heavy vacuum: if for, say, θ < 0, its density is above this critical
one, ρvac > ρ∞, then it tries to reduce its amount; in the opposite case ρvac < ρ∞
DE reproduces itself.
According to the expression (52), the governing equations (23) become:
dρ
dλ
= − [(1 + w − s)ρ+ θ(ρvac − ρ∞)] ; dρvac
dλ
= −sρ+ θ(ρvac − ρ∞) ; (53)
as before, λ = ln (V/V∗). This linear autonomous system has a single equilibrium
ρ = 0, ρvac = ρ∞; we require it to be stable, since we want our solutions to tend
exactly to it at large times (λ → +∞). (It is straightforward to see that other
cases, when this point is unstable or neutrally stable, do not generically lead to
any sound physical solutions.)
So we demand that the characteristic equation
µ2 + (1 + w − s− θ)µ− (1 + w)θ = 0 (54)
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of the linear system (53) with constant coefficients has either a couple of complex
conjugate roots with the negative real part, or two negative real roots µ1 < µ2 < 0,
µ1,2 = 0.5
[
−(1 + w − s− θ)∓
√
δ
]
, δ = (1 + w − s− θ)2 + 4θ(1 + w) . (55)
However, in the first case the matter density oscillates around zero and thus does
not stay positive all the way, as it should. This leaves us with the second alterna-
tive, µ1 < µ2 < 0, which condition is guaranteed by the inequalities
δ > 0, 1 + w − s− θ > 0, (1 + w − s)θ > 0 .
The analysis shows that they hold for only one range of the parameters, namely
(recall that w ≥ 0):
s < 0, θ < 0 . (56)
These inequalities are assumed true in the sequel; note that, due to them, param-
eter θ lies between the roots, µ1 < θ < µ2 < 0.
The general solution of the linear system (53) is found in a standard way in
terms of exponents of λ, or, accordingly, powers of V :
ρ =
C1
V |µ1|
+
C2
V |µ2|
, ρvac = ρ∞ + |s|
(
−Q1 C1
V |µ1|
+Q2
C2
V |µ2|
)
; (57)
Q1 = (θ − µ1)−1 = 2
[
(1 + w − s+ θ) +
√
δ
]−1
> 0 ,
Q2 = (µ2 − θ)−1 = 2
[
−(1 + w − s+ θ) +
√
δ
]−1
> 0 ;
here C1,2 are arbitrary constants of integration. For ρ to be positive throughout the
expansion both of them must be positive. But then ρvac is negative in the beginning
of the expansion, V → +0, since the negative term with V −|µ1| dominates its
expression in this limit. Therefore the general linear interaction law (52) does not
allow for any sound cosmological solutions.
Still, one special case, C1 < 0, C2 > 0, might turn meaningful with certain
addition. In this case we introduce,for convenience, two new constants ρ∗, V∗ > 0:
C1 = −ρ∗V |µ1|∗ , C2 = ρ∗V |µ2|∗ .
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Using these notations, we rewrite the solution (57) as
ρ = ρ∗
[(
V∗
V
)|µ2|
−
(
V∗
V
)|µ1|]
, ρvac = ρ∞ + |s|ρ∗
[
Q2
(
V∗
V
)|µ2|
+Q1
(
V∗
V
)|µ1|]
(58)
We see that the matter density here goes to negative infinity at the initial
moment of time (V → +0). It stays negative for a finite interval 0 < V < V∗,
becomes zero at V = V∗, and then remains positive for V∗ < V < +∞, vanishing
in the limit. In contrast with that, the DE density is always positive, decreasing
from positive infinity at V → +0 to ρ∞ > 0 in the opposite limit.
All this is easily seen from the trajectory of solution (58) in the phase plane
{ρvac, ρ} plotted in Fig. 1 (the physical part of this plane is its first quadrant
ρ ≥ 0, ρvac ≥ 0). After starting below the horizontal ρvac axis, the trajectory
crosses it at V = V∗ and stays above it, first going upwards, reaching the highest
point, and finally going to the stable equilibrium {ρvac = ρ∞, ρ = 0} on this axis.
Remarkably, the crossing point is at the value of DE density, ρvac(V∗), which is
larger than the final value ρ∞, as implied by the second of the formulas (58):
ρ0 ≡ ρvac
∣∣∣
V∗+0
= ρ∞ + |s|ρ∗ (Q2 +Q1) = ρ∞ + 2|s|ρ∗
√
δ
(θ − µ1)(µ2 − θ) > ρ∞
So, to make this solution more realistic, i.e., the matter density all the way non-
negative, one needs just to change it somehow at the initial stretch 0 < V < V∗
without violating the governing equations. The only available option is to assume
that throughout this period of time the system rests at its only equilibrium {ρvac =
ρ∞, ρ = 0}, the spacetime is filled with heavy vacuum only, no matter is present.
Then at the moment t∗ corresponding to V∗ = V (t∗) a positive jump in DE density
occurs, driving it up to some value ρ0 > ρ∞; the corresponding initial conditions,
ρ = 0, ρvac = ρ0 at V = V∗ ,
are then picked up by the governing equations giving the solution (58). Thus the
complete solution is:
ρ = 0, ρvac = ρ∞, 0 < V < V∗ ;
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ρ∞(V=∞) ρ*
(V=V
*
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FIG. 1: Phase trajectory of a non-physical solution (58) and closed orbit for the solution
with the initial jump in ρvac based on it.
ρ = ρ∗
[(
V∗
V
)|µ2|
−
(
V∗
V
)|µ1|]
, ρvac = ρ∞ + |s|ρ∗
[
Q2
(
V∗
V
)|µ2|
+Q1
(
V∗
V
)|µ1|]
,
V∗ < V < +∞. (59)
It starts and ends with pure heavy vacuum whose initial density is higher - and can
be any number of orders of magnitude higher - then the final one. In the phase
plane (Fig. 1) this solution corresponds to a finite closed orbit (loop) obtained
from the initial infinite one by replacing its part below the horizontal axis with an
interval of this axis between ρ∞ and ρ0, as shown in the figure.
This might represent some interesting physics but for the initial jump in the
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DE density increasing it instantly. Where does the additional energy come from?
Apart from assuming the existence of some other universe(s) connected to the one
we are considering, the jump is a clear violation of the energy conservation law.
Interestingly, it can be avoided if matter has more than one component leading to
a feasible cosmological solution given in sec. IV A.
Nevertheless, this toy model seems valuable, as it hints to some other ones that
do not have the indicated significant drawback. One can think about multiple
rest points and heteroclinic trajectories connecting them; these features, however,
belong entirely to the realm of non-linear models, which we consider next.
2. General Non-Linear Model: Qualitative Picture. Non-Singular Cosmologies Rep-
resented by Heteroclynic Phase Trajectories
We now return to the general non-linear case described by the autonomous
system (23),
dρ
dλ
= − [(1 + w)ρ+ F (ρvac, ρ)] ; dρvac
dλ
= F (ρvac, ρ), λ = ln (V/V∗) .
Its equilibria and their stability play a central role in what follows, so we first of
all recall some related basic facts.
The global stability of a generic rest point of an autonomous system is deter-
mined by the local system linearized about this point. The stabilty properties are
specified by the behavior of small perturbations of the equilibrium, i.e., by the
solutions of this linearized system, whose dependence on the evolution variable λ
is exponential, ∝ exp(µλ). The admissible values of the exponent µ coincide with
the set of eigenvalues of the matrix of the linearized system.
If each eigenvalue hasReµ < 0, then small perturbations decay in the vicinity of
this rest point, and it is stable (attractive); it is unstable (repulsive) in the opposite
case Reµ > 0 for every eigenvalue, when small perturbations are growing.
In the case when Reµ < 0 for a part of eigenvalues, Re k > 0 for another
part of them, and perhaps yet Reµ = 0 for the remaining third part of them, the
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equlibrium is called semi-stable. The eignevectors of eignevalues belonging to the
first group define the directions of stability, the motion along them goes towards
the rest point in its vicinity, i.e., perturbations decay. Accordingly, the second
group of eigenvectors define the unstable directions with the motion away from
the rest point near it, so the magnitude of perturbations in these directions grows.
Finally, if all the eigenvalues are purely imaginary, then the rest point is called
neutrally stable; such rest points are usually associated with closed orbits near
them representing periodic solutions.
Our governing system (23) repeated in the beginning of the current section
has the dimension D = 2, which implies a lot of pleasant specifics (for example,
deterministic chaos [25] possible in all higher dimensions does not occur in the
systems on the plane). The 2 × 2 matrix, M, of the system linearized at an
equilibrium has just two eignevalues µ±, which are the roots of the quadratic
polynomial
µ2 − (trM)µ+ detM = 0 ; (60)
so they are either real or complex conjugate.
The rest point is stable if Reµ± < 0, and unstable in the opposite case Reµ± <
0. Semi-stable equilibria, called saddles, correspond to real eigenvalues of the
opposite signs, µ− < 0, µ+ > 0. A rest point with imaginary µ± is called a center,
it is surrounded by closed phase orbits, which correspond to periodic solutions.
So the stability condition is detM > 0, trM < 0, the instability condition
is detM > 0, trM > 0. A rest point is a saddle when the discriminant of
the polynomial (60) is positive and the determinant of the matrix M is negative,
detM < 0; finally, a center occurs when trM = 0, detM > 0.
Let now P∗ = {ρvac = ρ∗, ρ = 0} be a rest point of our system (23), so that
F (0, ρ∗) = 0, as in equation (25). The matrix M∗ =M(P∗) is then given by
M∗ =
[−(1 + w + a∗) −b∗
a∗ b∗
]
, a∗ =
∂F
∂ρ
∣∣∣∣∣
P∗
, b∗ =
∂F
∂ρvac
∣∣∣∣∣
P∗
, (61)
trM∗ = −(1 + w + a∗) + b∗ detM∗ = −(1 + w)b∗ .
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The stability conditions for P∗ are easily calculated to be:
saddle: b∗ > 0, ;
stable: b∗ < 0, b∗ < 1 + w + a∗ ;
unstable: b∗ < 0, b∗ > 1 + w + a∗ ; (62)
center: b∗ < 0, b∗ = 1 + w + a∗ ;
here we took into account 1 +w > 0. In a special case b∗ = 0 perturbations in the
ρ direction grow when a∗ > −(1 + w) and decrease when the opposite inequality
holds. However, in the linear approximation perturbations in direction ρvac remain
constant (corresponding eigenvalue is equal to zero), so stability in this direction
should be additionally studied. The same is true for the (non-generic and thus
unrealistic) case b∗ = 0, a∗ = −(1 + w) when both eigenvalues turn to zero.
We are finished with all the preliminaries, and now turn to the general mech-
anism producing cosmologies dominated by dark energy. We assume that our
governing system has (at least) three rest points
Pj = {ρvac = ρj, ρ = 0}, j = 1, 2, 3 ,
corresponding to three different positive roots of the equation
F (ρj, 0) = 0, 0 < ρ1 < ρ2 < ρ3 .
For the reasons that become clear below we will use also the alternative notations,
ρ1 = ρ∞, ρ2 = ρc, ρ3 = ρ0 .
Moreover, let us assume that the first (j = 1) and last (j = 3) rest points are
saddles, while the middle one (j = 2) is a center, or a neutrally stable point,
surrounded by closed trajectories representing periodic solutions. Replacing the
subscript ∗ with the subscript j in the stability conditions (62) we write the cor-
responding requirements as
b1,3 > 0; b2 < 0, b2 = 1 + w + a2 . (63)
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Under these conditions, easily met, of course, by a general function F (ρvac, ρ),
heteroclinic trajectories, or separatrices, that go from one saddle point to the other,
necessarily exist. They separate the finite closed phase orbits around the center
{ρ = 0, ρvac = ρc} from the infinite ones (this statement is valid only in the plane,
D = 2!). Each separatrix starts from one saddle along its unstable direction, and
ends at the other one, approaching it along its stable direction.
In this way, a classical phase portrait of the system appears that is given in
Fig. 2 in solid lines. The arrows on heteroclinic curves show the direction of
motion when the evolution variable (λ, or V , or t) increases; it takes an infinite
time to go from one end of the separatrix to the other.
The upper heteroclinic curve corresponds, in fact, to a valid non-singular cos-
mological solution that starts with a pure heavy vacuum of the density ρ0, and
ends again in the state with no matter and DE of a smaller density ρ∞. Matter
appears from the vacuum due to their interaction, its density grows and reaches
some maximum ρ = ρmax, and then decreases to zero when t→ +∞.
This solution can be realized in the following way. Initially, the whole spacetime
rests at the de Sitter equilibrium P3, it is filled with DE of the density ρ0 and
nothing else. At some moment t = 0 (V = 0) due to a small perturbation of this
equilibrium in its unstable direction toward positive values of ρ, the universe gets
off P3 to the upper separatrix, and goes along it to another de Sitter equilibrium P1
at t = +∞. Such instability can happen for various physical reasons, for example,
it may occur due to the particle creation [26].
Of course, depending on the intricacies of the DE–matter interaction, there can
be more saddles and more heteroclinic trajectories representing non-singular cos-
mological solutions (examples with 3 and 4 saddles are given in Fig. 3). Moreover,
a heteroclinic trajectory might go not to a saddle, but to a stable rest point from
either an unstable one, or a saddle. In the former case of an unstable and stable
equilibria an infinite set of heteroclinic curves can exist, as in Fig. 4a.
Independent of how it occurs, each positive heteroclinc trajectory corresponds to
31
ρ∞
ρ
0
ρvac
ρ
ρc
FIG. 2: Two saddles connected by heteroclinic curves surrounding a single center. The
upper curve is a trajectory corresponding to a non-singular cosmological solution starting
and ending with pure dark energy of different densities. Dashed line is a trajectory
corresponding to some solution starting at a singularity.
a non-singular cosmological solution starting and ending at the de Sitter equilibria
with diffrent DE densities. There also can be homoclinic curves going from a saddle
back to the same saddle, in which, cleraly non-generic, case the initial density of
heavy vacuum is equal to the final one. In any case, all non-singular cosmologies
start and end at pure vacuum states, because there are only equilibria with ρ = 0.
In addition, ‘standard’ cosmologies that emerge from singularities and corre-
spond to infinite phase trajectories tending to a rest point at large times, such as
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ρvac
ρ
a)
ρvac
ρ
b)
FIG. 3: More saddles (crosses), centers (dots), and heteroclinic curves surrounding the
latter: a) - 3 saddles, 2 centers (‘cat’s eyes’); b)- 4 saddles, 2 centers. Each positive
heteroclinic trajectory corresponds to a non-singular cosmological solution starting and
ending with pure DE. Dashed lines are trajectories of singular cosmological solutions.
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ρ∞ ρ0
ρvac
ρ
b)
ρvac
ρ
a)
FIG. 4: a) - trajectories of non-singular cosmological solutions starting at an unstable and
ending at the stable de Sitter equilibrium. b) - trajectory of a non-singular cosmological
solution starting at a saddle and ending at the stable de Sitter equilibrium. Dashed lines
are trajectories of singular cosmological solutions.
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those drawn in dashed lines in Figs. 2 and 3, are usually present. This infinite
variety of cosmological solutions represents a ‘multi-verse’ that can be created by
a common heavy vacuum due to its complex interaction with matter.
Significant features are unveiled by studying the time dependence of the non-
singular cosmological solutions, described by heteroclinic trajectories, at there be-
ginning and end. As usual, this time dependence is derived by asymptotically
calculating the integral in the basic relation (15). Since ρ → +0, ρvac → ρ∞ at
large times, the asymptotics of the scale factor is an exponential one, exactly as
in (30):
a(t) ∼ exp(t/τ∞), τ∞ =
√
8piρ∞/3 . (64)
The situation with the behavior at small times is more complicated. For the
open universe, k = −1, the curvature term V −2/3 is positive and dominating, in
the limit V → +0 under the square root in the eq. (15). So a non-singular solution
can exist that starts from the zero value of the scale factor, or co–moving volume:
V 2/3(t) ∼ t, a(t) ∼ √t, t→ +0 . (65)
If the universe is closed, k = 1, then the expression under the square root
in the formula (15) becomes negative for small values of V due to the negative
curvature contribution−V −2/3. Hence there is no meaningful non-singular solution
describing a closed universe that starts at a = 0.
In the case of a flat universe, k = 0, the total density tends to ρ0 at the
expansion beginning, which results in
a(t) = a0 exp(t/τ0), τ0 =
√
8piρ0/3 ,
so a→ +0 only when t→ −∞; the solution is defined on the whole time axis.
However, unlike the singular case, there is no need for a non-singular cosmo-
logical solution to start at the zero value of the scale factor: before the expansion
starts, a static de Sitter universe exists whose scale factor grows exponentially and
can have any positive value at any given moment of time. Therefore an alternative
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for a universe of any curvature is to start expanding, at t = 0, with a finite scale
factor a0 = a(0) > 0.
For the closed universe the minimum starting scale factor value is defined by
the initial DE density, ρ0:
a0 = (8piρ0)
−1/2
The initial velocity of expansion is then equal to zero, a˙(0) = 0, as implied by the
first Friedmann equation (11). The scale factor is a regular function of time near
t = 0, its two–term Taylor expansion is
a(t) = a0
(
1 + t2/6a20 + . . .
)
, t→ +0; a0 = (8piρ0)−1/2, k = 1 . (66)
A closed universe can also start at any scale factor value larger than the min-
imum one, with the corresponding finite velocity. A flat or open non-singular
universe can start at any positive value of the scale factor. In all these cases the
scale factor is regular at t = 0, with the following two–term expansion:
a(t) = a0 (1 + t/τ + . . .) , t→ +0; τ =
√
3/ (8piρ0 − k/a20), k = 0,±1 . (67)
D. Non-Singular Cosmologies: Exact Solutions
1. General Exact Solution by the Semi–Inverse Method
Explicit construction of heteroclinic solutions is always difficult, even if the gov-
erning equations are explicitly integrable, which is not the case of our system (23)
with a general interaction law F (ρvac, ρ). Luckily, a semi–inverse solution method
comes to rescue.
We assume that our system has at least two rest points, P0 = {ρ0, 0} and
P∞ = {ρ∞, 0}, ρ∞ < ρ0, and that there exists a positive heteroclinic phase
trajectory H connecting the first point with the second one, as in Figs. 2—4. We
are looking for the exact solution describing this trajectory. Along it, the matter
density is some smooth enough positive function, h(ρvac), of the DE density, which
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turns to zero at both ends of the interval ρ∞ < ρvac < ρ0:
ρ = h(ρvac); h(ρvac) > 0 for ρ∞ < ρvac < ρ0; h(ρ∞) = h(ρ0) = 0 . (68)
Our plan is to keep h(ρvac) otherwise arbitrary, and try to find the proper
expression for the interaction function F (ρvac, ρ) along the heteroclinic curve that
makes the function (68) to satisfy the first of the governing equations (23). We
then try to complete the solution by finding some meaningful ρvac(V ) from the
second of them. This is what we call the semi–inverse method; if successful, it
allows one to obtain a non-singular cosmological solution and study its properties.
At the first step of our approach, we combine the second of the equations (23),
dρvac
dλ
= F (ρvac, ρ) ,
with the representation (68) on the heteroclinic curve to get:
dρ
dλ
∣∣∣∣H= dhdρvac dρvacdλ
∣∣∣∣H= h′(ρvac)F (ρvac) = h′(ρvac)F (ρvac, h(ρvac)) .
Therefore the first of the governing equations,
dρ
dλ
= − [(1 + w)ρ+ F (ρvac, , ρ)] ,
turns, along the curve H, into
h
′
(ρvac)F (ρvac, h(ρvac)) = − [(1 + w)h(ρvac) + F (ρvac, h(ρvac))] ,
giving thus
F
∣∣∣∣H= F (ρvac, h(ρvac)) = −(1 + w) h(ρvac)1 + h′(ρvac) . (69)
This is the result of the first step of our approach; it requires two comments.
First, expression (69) specifies the interaction function F (ρvac, ρ) on the hete-
roclinic curve ρ = h(ρvac) only. Its value in the rest of the physical quarter–plane
ρvac ≥ 0, ρ ≥ 0 can be provided by an infinite number of smooth (one time
continuously differentiable) extensions of (69). The most obvious extension is
F (ρvac, ρ) = − (1 + w)ρ
1 + f(ρvac, ρ)
; f(ρvac, h(ρvac)) = h
′
(ρvac) .
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However, it represents a ‘degenerate’ case: each point of the positive semi–axis
ρvac ≥ 0 is a rest point here. To avoid this, one can use other extensions, like
F (ρvac, ρ) = −(1 + w)ρ+ f1(ρvac, ρ)
1 + f2(ρvac, ρ)
,
f1(ρvac, h(ρvac)) = 0, f2(ρvac, h(ρvac)) = h
′
(ρvac) ,
and so on. Depending on the extension, or, better to say, on the complete law of
DE–matter interaction, the system may or may not have rest points other than P0
and P∞. Moreover, the stability of the rest points also depends on the extension
of the expression (69); however, the heteroclinic curve connects P0 with P∞, so P0
is either a saddle or an unstable equilibrium, while P∞ is a stable one or a saddle,
as in Fig. 4.
The second comment is that we have to avoid singularities of the function (69)
only within the interval ρ∞ < ρvac < ρ0: all other singularities can be eliminated
by choosing the extension appropriately. If exist, the singularities of F |H are the
zeros of the denominator in (69); since h
′
(ρvac) is positive near the left end of the
interval and negative at the right one, there are no such zeros if and only if
min
ρ∞≤ρvac≤ρ0
h
′
(ρvac) > −1 . (70)
This is a regularity condition for the function (69), and simultaneously one more
restriction on the function h(ρvac).
At the next step of the solution by the semi–inverse method we integrate the
second governing equation along the heteroclinic curve, where, by the formula (69),
dρvac
dλ
= −(1 + w) h(ρvac)
1 + h′(ρvac)
.
The result of this simple integration in terms of the variable V is:
h(ρvac) expH(ρvac) = ρ∗
(
V∗
V
)1+w
, H(ρvac) =
ρvac∫ dv
h(v)
. (71)
An arbitrary constant ρ∗ > 0 is introduced for the consistency of writing; of course,
effectively there is only one arbitrary constant here, that is,
C∗ = ρ∗V 1+w∗ .
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If, for a given h(ρvac), the equation (71) has a proper solution ρvac(V ), particularly,
with the right behavior at the ends of the interval, ρvac → ρ∞+0 and ρvac → ρ0−0,
then, combined with ρ = h(ρvac(V )), it provides a valid cosmological solution. The
existence of such solution can hardly be established in general; instead, one can
usually successfully analyze equation (71) for a particular h(ρvac).
However, assuming that the solution does exist, we verify its limit behavior in
Appendix C under the assumption that the zeros of h(ρvac) at ρvac = ρ0, ρ∞ are
general algebraic, i.e.:
h(ρvac) = h∞(ρvac − ρ∞)ν∞ [1 + o(1))], ρvac → ρ∞ + 0; h∞ > 0, ν∞ > 0 ;
h(ρvac) = h0(ρ0 − ρvac)ν0 [1 + o(1))], ρvac → ρ0 − 0 h0 > 0, ν0 > 0 . (72)
Assuming also that these asymptotic expressions can be differentiated in ρvac,
h
′
(ρvac) = ν∞h∞(ρvac − ρ∞)ν∞−1[1 + o(1))], ρvac → ρ∞ + 0 ;
h
′
(ρvac) = − ν0h0(ρ0 − ρvac)ν0−1[1 + o(1))], ρvac → ρ0 − 0 , (73)
we conclude that
h
′
(ρ0) = 0, ν0 > 1; h
′
(ρ0) = −h0, ν0 = 1; h′(ρ0) = −∞, 0 < ν0 < 1 ;
h
′
(ρ∞) = 0, ν∞ > 1; h
′
(ρ∞) = h∞, ν∞ = 1; h
′
(ρ∞) = +∞, 0 < ν∞ < 1 .
This shows that the condition (70) guaranteeing the lack of singularity of the
interaction function on the heteroclinic curve results in the following restrictions
on the parameters:
ν0 > 1; ν0 = 1, 0 < h0 < 1 . (74)
So, the zero of h(ρvac) at ρvac = ρ0 should be of order one at least; the positive
constants h∞ and ν∞ remain unrestricted.
The asymptotic analysis of Appendix C demonstrates that, under the condi-
tions (72) - (74), the non-singular solutions obtained by the semi–inverse method
can start only with the zero value of the scale factor. According to the previous
section, this means that such solutions describe only an open universe. (However,
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there is no such limitation in the case of several matter components when not all
of them interacting with dark energy, see section IV).
Combining the results of this section with those of Appendix C we arrive at the
following description of the solutions found by the semi–inverse method.
Let P0 = {ρ0, 0} and P∞ = {ρ∞, 0}, ρ∞ < ρ0, be the rest points of the sys-
tem (23) governing cosmological evolution. Let a smooth enough function h(ρvac)
be positive in the interval ρ∞ < ρvac < ρ0, turn to zero at both its ends, and satisfy
condition (70). Let the function F (ρvac, ρ) describing the DE–matter interaction
be restricted to the heteroclinic curve ρ = h(ρvac) connecting P0 and P∞ according
to the equation (69).
If equation (71) has a continuously differentiable positive solution ρvac = ρvac(V )
such that ρvac(+0) = ρ0, ρvac(+∞) = ρ∞, then
ρ = h(ρvac) = h(ρvac(V )), ρvac = ρvac(V )
is a solution of the governing system with the above heteroclinic curve as its phase
trajectory. It describes a Friedmann universe whose expansion starts with pure
dark energy of the density ρ0 and no singularity, and ends with dark energy of the
density ρ∞ < ρ0.
If, in addition, h(ρvac) satisfies conditions (72) - (74), then the asymptotic de-
pendence of both densities on time is:
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t→ +0, a(t) ∼ √t (open universe)
a) for ν0 > 1,
ρ0 − ρvac ∼ (ln t)−
1
ν0−1 , ρ ∼ (ln t)−
ν0
ν0−1 ;
b) for ν0 = 1, 0 < h0 < 1, (75)
ρ0 − ρvac ∼ ρ ∼ t
3(1+w)h0
2(1−h0) .
t→ +∞, a(t) ∼ exp(t/τ∞), τ∞ =
√
8piρ∞/3 (open universe)
a) for ν∞ > 1,
ρvac − ρ∞ ∼ t−
1
ν∞−1 , ρ ∼ t− ν∞ν∞−1 ;
b) for ν∞ = 1, (76)
ρvac − ρ∞ ∼ ρ ∼ exp
[
−3(1 + w)h∞
2(1 + h∞)
t
τ∞
]
;
c) for ν∞ < 1,
ρvac − ρ∞ ∼ exp
[
−3(1 + w)
2ν∞
t
τ∞
]
, ρ ∼ exp
[
−3(1 + w)
2
t
τ∞
]
.
Remarkably, for ν0 > 1, when ρ0 is a zero of h(ρvac) of the order higher than
one, both densities evolve very slowly in the beginning, only as an inverse power
of the log of time. Similarly, at large times they both tend to their limits only as
inverse powers for ν∞ > 1, with the exponential decay in other cases.
2. Particular Non–Singular Cosmologies: Examples of Exact Solutions
Any particular choice of the function h(ρvac) (68) satisfying all the pertinent
conditions and allowing for the proper solution ρvac(V ) of the equation (71) pro-
vides an example of the solution describing some non–singular cosmology. We
are choosing simple enough expressions for h(ρvac), in particular, allowing for the
integral H(ρvac) to be calculated in terms of elementary functions.
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Example 1 Clearly, the simplest possible expression for h(ρvac) is
h(ρvac) =
(ρ0 − ρvac)(ρvac − ρ∞)
R
, R > 0 . (77)
It satisfies conditions (68), (72), and (73) with parameter values
ν0 = ν∞ = 1, h0 = h∞ = (ρ0 − ρ∞)/R . (78)
The inequality (74) on the value of h0 is met when
h0 = (ρ0 − ρ∞)/R < 1, or R > ρ0 − ρ∞ ; (79)
it also ensures the inequality (70) required to avoid singularities of the interac-
tion function. Therefore the function (77) with the parameters restricted by the
inequality (79) meets all the desirable conditions.
It is straightforward to calculate the integral (71) for this case, with the result:
H(ρvac) = ln
(
ρvac − ρ∞
ρ0 − ρvac
)1/h0
; (80)
thus the equation (71) for ρvac(V ) reduces to
(ρvac − ρ∞)(1/h0)+1 = K
V 1+w
(ρ0 − ρvac)(1/h0)−1, K = Rρ∗V 1+w∗ = RC∗ > 0 .
(81)
Since, by (79), 1/h0 > 1, the l.h.s. of this equation increases monotonically from
zero at ρvac = ρ∞ to a positive value at ρvac = ρ0. Contrary to this, the r.h.s.
monotonically decreases to zero at ρvac = ρ0, for any V > 0. Therefore the
two curves have a single intersection, i.e., the equation has the unique solution
ρvac(V ), 0 < V <∞.
So, equations (77) and (81) under the condition (79) define a solution of the
governing equations corresponding to a non-singular cosmology. Its behavior in
the beginning and end of the expansion is described by the formulas (75) and (76):
ρ0 − ρvac ∼ ρ ∼ tα, α = 3(1 + w)(ρ0 − ρ∞)/2 [R− (ρ0 − ρ∞)] , t→ +0 ;
ρvac − ρ∞ ∼ ρ ∼ exp
{
−3(1 + w)(ρ0 − ρ∞)
2[R− (ρ0 − ρ∞)]
t
τ∞
}
, τ∞ =
√
8piρ∞/3; t→ +∞ .
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In this example the heteroclinic phase trajectory (77) is the top of a quadratic
parabola with its maximum at the midpoint, (ρ0 + ρ∞)/2, of the interval. Thus
the maximum value of matter density achieved in the course of evolution is
ρmax = h
(
ρ0 + ρ∞
2
)
=
(ρ0 − ρ∞)2
4R
<
ρ0 − ρ∞
4
; (82)
the inequality here is implied by the condition (79). Naturally, ρmax tends to zero
when R→∞ and (ρ0 − ρ∞) is fixed.
Example 2
Formula (77) can be generalized to
h(ρvac) = (ρ0 − ρvac)(ρvac − ρ∞)q(ρvac) ,
where the function q(ρvac) is positive on the segment ρ∞ ≤ ρvac ≤ ρ0 and has a
bounded derivative. As our next example, we take q(ρvac) = θ/ρvac, θ > 0, so that
h(ρvac) = θ(ρ0 − ρvac)(ρvac − ρ∞)/ρvac ; (83)
ν0 = ν∞ = 1, h0 = θ(ρ0 − ρ∞)/ρ0, h∞ = θ(ρ0 − ρ∞)/ρ∞ .
Condition (79), h0 < 1, requires
θ < ρ0/(ρ0 − ρ∞) .
Since
h
′
(ρvac) = θ(ρ0ρ∞ − ρ2vac)/ρ2vac , (84)
the inequality (70), h
′
(ρvac) > −1, holds for
0 < θ < (ρ0 + ρvac)/ρ0 , (85)
which also guarantees the previous inequality, because (ρ0+ρ∞)/ρ0 < ρ0/(ρ0−ρ∞).
Next we calculate H(ρvac) (compare to the expression (80)):
H(ρvac) = ln
(ρvac − ρ∞)1/h∞
(ρ0 − ρvac)1/h0 .
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Thus the equation (71) for ρvac(V ) is:
(ρvac − ρ∞)(1/h0)+1 = K
V 1+w
ρvac(ρ0 − ρvac)(1/h0)−1, K = θ−1ρ∗V 1+w∗ > 0 . (86)
It differs from the equation (81) of Example 1 by a single growing factor ρvac on the
utmost right, which however causes the additional investigation of how the r.h.s.
behaves as a function of ρvac, since its second factor is decreasing. The analysis
shows that the r.h.s., i.e., the product of the two factors, is decreasing under the
condition θ < ρ0/(ρ0−ρ∞), which is true by virtue of the condition (85). Therefore
the equation (86) has a unique positive solution ρvac(V ), as in the Example 1.
So, a unique non-singular cosmological solution exists in this case for any pa-
rameters satisfying condition (85). Its small and large time behavior is described
by the following asymptotic formulas,
ρ0 − ρvac ∼ ρ ∼ tα, α = 3(1 + w)θ(ρ0 − ρ∞)/2 [ρ0 − θ(ρ0 − ρ∞)] t→ +0 ;
ρvac − ρ∞ ∼ ρ ∼ exp
{
−3(1 + w)θ(ρ0 − ρ∞)
2[ρ0 − θ(ρ0 − ρ∞)]
t
τ∞
}
, τ∞ =
√
8piρ∞/3; t→ +∞ ,
which can be obtained from the formulas (82) of Example 1 by a formal replace-
ment of R with ρ0/θ. The main difference between the solutions from the two
examples is that the phase trajectory of the second one is no longer symmetric
about the midpoint (ρ∞ + ρ0)/2. In particular, the maximum value of the matter
density is achieved when ρvac =
√
ρ0ρ∞:
ρmax = h(
√
ρ0ρ∞) = θ(
√
ρ0 −
√
ρ∞)
2 . (87)
Example 3
In the previous two examples the zeros of the function h(ρvac) at both ends of
the interval were of the first order. In other words, the phase trajectory ρ = h(ρvac)
intersected the ρvac axis at a non-zero angle at both ρvac = ρ∞ and ρvac = ρ0. Now
we consider an example of higher, second order zero, when the phase orbit just
touches the horizontal axis. We assume
h(ρvac) = (ρ0 − ρvac)(ρvac − ρ∞)2/R2, R > 0 , (88)
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so
ν0 = 1, h0 = (ρ0 − ρ∞)2/R2; ν∞ = 2, h∞ = (ρ0 − ρ∞)/R2 . (89)
Conditions (74) and (70) are met by just
R > ρ0 − ρ∞ . (90)
The function H(ρvac) is
H(ρvac) = ln
(
ρvac − ρ∞
ρ0 − ρvac
)1/h0
− 1
h0
ρ0 − ρ∞
ρvac − ρ∞ .
Therefore the key equation (71) turns into
(ρ0 − ρvac)(1/h0)+2 exp
(
− 1
h0
ρ0 − ρ∞
ρvac − ρ∞
)
=
K
V 1+w
(ρvac − ρ∞)(1/h0)−1 , (91)
where K = R2ρ∗V 1+w∗ > 0. Since 1/h0 > 1, the same arguments of monotonicity
apply here as in the two previous examples, so the unique positive solution ρvac =
ρvac(V ) to the equation (91) exists for any V > 0. Along with ρ = h(ρvac), it
defines yet another non-singular cosmology; its behavior at the beginning and end
of the expansion is described by the formulas:
ρ0 − ρvac ∼ ρ ∼ tα, α = 3(1 + w)(ρ0 − ρ∞)2/2
[
R2 − (ρ0 − ρ∞)2
]
, t→ +0 ;
ρvac − ρ∞ ∼ t−1, ρ ∼ t−2, t→ +∞ .
Remarkably, the behavior of the density at large times is no longer exponential
but given by a power law; this is always true for ν∞ > 1, according to the formula
a) in (76).
The maximum value of the matter density in the course of the expansion is
ρmax = h
(
2ρ0 + ρ∞
3
)
=
4(ρ0 + ρ∞)2
9R
. (92)
The number of examples generated by the semi–inverse method developed in
the section III D 1 can be easily extended. It is worthwhile to note that the Ex-
amples 1—3 can be obtained as exact solutions of the first completely integrable
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model of Appendix B, under the proper choice of the function f(ρvac) involved in
the interaction law (B1). However, there is a significant difference in these two
approaches. Namely, the interaction law in the semi–inverse method is fixed only
along the heteroclinic curve, and can be extended elsewhere without any singulari-
ties, as stated. Contrary to this, the law (B1) is specified in the whole plane, so the
singularities on the ρvac axis outside its [ρ∞, ρ0] interval are present in it, making
it hardly plausible form the physics standpoint. Also, because of the freedom of
the interaction law extension, the first approach demonstrates how generic these
non-singular solutions are.
IV. FRIEDMANN COSMOLOGY WITH INTERACTION BETWEEN
DARK ENERGY AND MULTI–PHASE MATTER
We now consider a more realistic cosmological model with a number of different
matter species (as, in particular, in the ΛCDM model); for the sake of generality,
we assume the number, N > 1, of matter phases arbitrary. Each of the phases
is described by its density, ρn = ρn(t), and pressure, pn = pn(t), related by the
partial equation of state:
pn = wnρn, wn > −1, n = 1, 2, . . . , N . (93)
Two species with the same equation of state might still differ by other physical
properties, so we do not assume wm 6= wn for m 6= n. In the presence of DE, the
total density and pressure thus become:
ρtot = ρvac + ρ = ρvac +
N∑
n=1
ρn ;
ptot = pvac + p = pvac +
N∑
n=1
pn = −ρvac +
N∑
n=1
wnρn . (94)
Cosmological evolution is again described by the Friedmann equations (11) but
with the total density and pressure (94). The first Friedmann equation defines
the time dependence of the scale factor (or the co-moving volume V (t) = a3(t))
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by the formula (15). The second one, the equation of energy conservation in the
form (14), dρtot/dV = −(ρtot + ptot)/V , turns to
d
dV
(
ρvac +
N∑
n=1
ρn
)
= − 1
V
N∑
n=1
(1 + wn)ρn
(compare with the corresponding single phase equation (21)), or
dρvac
dV
+
N∑
n=1
[
dρn
dV
+
(1 + wn)ρn
V
]
= 0 . (95)
In the usual approach each specie is assumed to be conserved,
dρn
dV
+
(1 + wn)ρn
V
= 0, n = 1, 2, . . . , N . (96)
Under this condition equation (95) requires that the DE density is constant, and
the whole cosmological solution becomes thus
ρvac = const, ρn = Cn/V
(1+wn), Cn > 0, n = 1, 2, . . . , N . (97)
There are enough grounds for considering matter species in our universe not
interacting with each other. We retain this standard assumption, but, as every-
where in this paper, do not forbid any of them to interact with DE. In case when
Ni ≥ 1 species interact with heavy vacuum, Ni equations describing this interac-
tion should be added to the equation (95), to determine the evolution of all the
relevant densities. We discuss two cases: a) when a single matter phase interacts
with DE, Ni = 1, and b) when several phases are interacting, 1 < Ni ≤ N .
A. Single Matter Phase Interacting with Dark Energy
Let the matter component interacting with DE have the number n = 1, so it is
described by ρ1; all other matter phases are conserved. The densities of the latter
are as in equation (97),
ρn = Cn/V
(1+wn), Cn > 0, n = 2, . . . , N , (98)
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and the conservation equation (95) reduces to
d(ρvac + ρ1)
dV
= −(1 + w1)ρ1
V
. (99)
To find ρ1(t) and ρvac(t), we need an equation specifying the interaction between
the two. It is natural to take it in the same general form (21), that is,
dρvac
dV
=
F (ρvac, ρ1)
V
, (100)
where F (ρvac, ρ1) is some interaction function. Combining the last two equations
gives the governing system
dρ1
dV
= −(1 + w1)ρ1 + F (ρvac, ρ1)
V
,
dρvac
dV
=
F (ρvac, ρ1)
V
, (101)
which is, naturally, nothing else as the system (22) controlling the cosmology of
a single matter phase interacting with DE (up to the notations ρ, w replaced
with ρ1, w1). Therefore all the general features and all exact solutions found and
discussed in sec. III, including non-singular cosmologies of sec. III D, remain valid
for ρ1(t) and ρvac(t), with all other densities given by the usual expressions (98).
Remarkably, a toy non-singular cosmological solution of sec. III C 1, with the
initial jump in the DE density (see fig. 1) and the linear interaction law (52),
F (ρvac, ρ1) = −sρ1 + θ(ρvac − ρ∞) ,
acquires a physical meaning due to the presence of other matter species. Namely,
the initial jump in the DE density from ρ∞ to ρ0 can be explained by a phase
transition between the matter phases (98) (otherwise not interacting with DE)
and the heavy vacuum that keeps the total energy conserved. The corresponding
solution not violating, unlike the solution (59), energy conservation, is:
ρvac = ρ∞, ρ1 = 0, ρn = Cn/V (1+wn), Cn > 0, n = 2, . . . , N, for 0 < V < V∗ ;
ρvac = ρ∞ + |s|ρ∗
[
Q2
(
V∗
V
)|µ2|
+Q1
(
V∗
V
)|µ1|]
, ρ1 = ρ∗
[(
V∗
V
)|µ2|
−
(
V∗
V
)|µ1|]
,
ρn = C
′
n/V
(1+wn), C
′
n > 0, n = 2, . . . , N, for V∗ < V < +∞ ; (102)
∆ρtot
∣∣∣
V=V∗
= (∆ρvac + ∆ρ)
∣∣∣
V=V∗
= ρ0 − ρ∞ +
N∑
n=2
C
′
n − Cn
V 1+wn∗
= 0 .
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The constants µ1,2 and Q1,2 are defined in the equations (55) and (57), respectively,
the interaction parameter s is in the physical range (29), and ρ0 = ρvac(V∗ + 0).
Note that some of the matter phases can turn to DE (C
′
n < Cn) at the jump,
some might gain from DE (C
′
n > Cn), and some might stay unchanged (C
′
n = Cn),
provided that the last equality holds. That is, since ∆ρvac = ρ0 − ρ∞ is positive,
∆ρ = −∆ρvac must be negative. Note also that the (partial) phase trajectory of
this solution in the plane {ρvac, ρ1} remains as shown in fig. 1.
The universe (102) starts (t, V → +0) with ρ1 = 0, ρvac = ρ∞, and all other
matter phases singular, undergoes an instant matter–DE phase transition raising
ρvac to ρ0 at some moment t = t∗ (V∗ = V (t∗)), and drives finally (t, V → ∞) to
the initial de Sitter universe with ρvac = ρ∞ and ρ = 0.
B. Any Number of Matter Phases Interacting with Dark Energy
Let now more than one matter phases interact with DE, so that the number
of the interacting species is Ni, 1 < Ni ≤ N . The densities of all other, non-
interacting, matter species are again given by the standard expressions
ρn = Cn/V
(1+wn), Cn > 0, n = Ni + 1, . . . , N , (103)
and N should be replaced with Ni in the energy conservation equation (95). Keep-
ing the assumption that the matter species do not interact with each other, we
take the following law of their interaction with DE (Fn is an arbitrary function):
dρn
dV
+
(1 + wn)ρn
V
= −Fn(ρvac, ρn)
V
, n = 1, 2, . . . Ni ;
each phase is conserved if and only if Fn = 0. With this, the energy conservation
equation turns to
dρvac
dV
=
F (ρvac, ρ1, ρ2, . . . , ρNi)
V
,
where
F (ρvac, ρ1, ρ2, . . . , ρNi) =
Ni∑
n=1
Fn(ρvac, ρn) . (104)
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The last two equations govern the evolution of the universe in this case; as before,
it is convenient to use them in an autonomous form,
dρn
dλ
= − [(1 + wn)ρn + Fn(ρvac, ρn)] , n = 1, 2, . . . Ni ;
dρvac
dλ
= F (ρvac, ρ1, ρ2, . . . , ρNi) : λ = ln (V/V∗) , (105)
with F defined by the equality (104).
Generally, this is a nonlinear autonomous system of ODEs of the order
Ni + 1 ≥ 3, which allows for solutions with various behavior: even a strange
attractor is possible, in principle, in the large time limit. This alone shows that
the approach in which matter is represented by a single ‘dominant’ component
(like radiation, w = 1/3, in our early universe, or dark matter, w = 0, later) might
be insufficient no matter how small the abundances of other matter species are.
A usual regular limiting behavior at large times occurs when a cosmological
solution goes to a rest point P = {ρ∗1, ρ∗2, . . . , ρ∗N , ρ∗vac} ≡ P{ρ∗n, ρ∗vac} of the sys-
tem (105). Such a rest point is described by the equations:
ρ∗n = (1 + w1)
−1Fn(ρ∗vac, ρ
∗
n), n = 1, 2, . . . Ni;
Ni∑
n=1
Fn(ρ
∗
vac, ρ
∗
n) = 0.
It is a physical equilibrium when ρ∗n ≥ 0, therefore in this case Fn(ρ∗vac, ρ∗n) ≥ 0
for all relevant values of n. But then the second of the above equations implies
then Fn(ρ
∗
vac, ρ
∗
n) = 0 for all n, so from the first equation it follows that the only
possible physical rest point is
ρ∗n = 0, Fn(ρ
∗
vac, 0) = 0, n = 1, 2, . . . Ni; ρ
∗
vac > 0 ; (106)
it corresponds again to a de Sitter universe. If an equilibrium point exists and is
stable, then, in view of the expressions (103), a set of cosmological solutions of a
non–zero measure tends to it at large times. However, this requires all interaction
functions Fn(ρvac, 0), n = 1, 2, . . . Ni, have a common positive root ρ
∗
vac.
This is a strong restriction, unless some serious physics underlies it; if it is not
valid, then the densities of the interacting matter species do not all tend to zero
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at large times, and the DE density does not tend to a constant. So generically the
large time behavior of cosmological solutions with several matter phases involved
in the DE–matter interaction is more complicated than the usual one; this is a
characteristic feature of the multiple phase interaction.
Of course, the governing system (105) cannot be explicitly integrated for a
general set of interaction laws Fn. For this reason, below we explore two more
particular models of interaction allowing for a detailed analysis and some new
features.
1. Linear Interaction Laws
In a complete similarity with the case of single matter phase (see formula (52))
we consider linear interaction laws
Fn(ρvac, ρn) = −snρn + θn(ρvac − ρ∞), sn, θn, ρ∞ = const, ρ∞ ≥ 0 . (107)
The governing equations (105) become thus
dρn
dλ
= − [(1 + wn − sn)ρn + θn(ρvac − ρ∞)] , n = 1, 2, . . . Ni ;
dρvac
dλ
= −
Ni∑
n=1
snρn + Θ(ρvac − ρ∞), Θ =
Ni∑
n=1
θn .
Introducing an Ni + 1–dimensional vector function z(t),
z(λ) = {ρ1(λ), ρ2(λ), . . . , ρNi(λ), [ρvac(λ)− ρ∞]}T , (108)
we rewrite this system of the first order equations in a matrix form (δjk is the
Kronecker symbol):
dz
dλ
=Mz ; (109)
Mnj = −(1 + wn − sn)δnj − θnδjN1+1, n = 1, 2, . . . Ni ;
MN1+1j = −sj, n = 1, 2, . . . Ni; MN1+1N1+1 = Θ .
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It is a linear system with constant coefficients, so its general solution is obtained
as a linear combination of exponents of λ (powers of V ):
z(λ) =
Ni+1∑
k=1
Akek exp(µkλ) =
Ni+1∑
k=1
BkekV ; Bk = Ak/V
µk∗ . (110)
Here µk are the eigenvalues of the matrix M, that is, the roots of the algebraic
equation
det (M− µI) = 0 (I is the unit matrix) ,
and ek are the corresponding normalized eigenvectors,
(M− µI) ek = 0, ek = {ek1, . . . , ekNi+1}T ,
Ni+1∑
n=1
e2kn = 1, k = 1, . . . Ni + 1
(for brevity, we consider only the generic case when all µk are different).
The matrix M is not symmetric, so its eigenvalues might be complex, coming
in complex conjugate pairs. Since the physical solution must be real, real parts
should be taken at the proper places of expression (110). Namely, suppose there
are Nc ≥ 1 pairs of complex eigenvalues µk and µ¯k, with the eigenvectors ek and
e¯k, respectively, k = 1, 2, . . . , Nc. The physical solution then becomes
z(λ) =
Nc∑
k=1
CkV
ηk [rk cos(νk lnV ) + ik sin(νk lnV )] +
Ni+1∑
k=2Nc+1
CkV
µkek;
Ck = Ak/V
ηk∗ ; ηk = Re(µk), νk = Im(µk) ; (111)
rk = 2Re(ek)/V
ηk∗ , ik = −2Im(ek)/V ηk∗ ,
but it still requires two additional conditions to be met. First, all the densities
must vanish at large times (V →∞), so all the powers of V must be negative,
ηk = Re(µk) < 0, 1 ≤ k ≤ Nc; µk < 0, 2Nc + 1 ≤ k ≤ Ni + 1 ; (112)
this shows also that the expansion starts (V → +0) from singularity.
The second and more constraining condition comes from the fact that all the
densities must be positive throughout the expansion. For the case of a single matter
specie interacting with DE, corresponding to Ni = 2, this condition never holds, as
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demonstrated in section III A. For Ni > 2 this condition might be possible to meet
with some proper combination of parameters wn, sn, θn, and the right choice of
the arbitrary constants Ck. Additional restrictions are needed when some of the
eigenvalues µk are indeed complex (Nc ≥ 1). In this case the densities contain
some terms oscillating around zero (the first sum in the expression (111)); those
oscillations must be dominated by other strictly positive monotonic contributions.
This can happen if one of the real negative eigenvalues µk is smaller than all
ηk, k = 1, 2, . . . , Nc, and the other one is larger than them. If this is true, the
oscillations are compensated at least near the initial singularity (V → +0) and
towards the end of the expansion (V → ∞), with a possibility for the density to
stay positive in between as well.
If all the mentioned conditions are fulfilled, then the physical solution is
ρn =
Nc∑
k=1
CkV
−|ηk| [rkn cos(νk lnV ) + ikn sin(νk lnV )] +
Ni+1∑
k=2Nc+1
CkeknV
−|µk|;
ρvac = ρ∞ +
Nc∑
k=1
CkV
−|ηk| [rkNi+1 cos(νk lnV ) + ikNi+1 sin(νk lnV )] + (113)
+
Ni+1∑
k=2Nc+1
CkekNi+1V
−|µk| .
This solution drives to a de Sitter universe ρn = 0, ρvac = ρ∞. If oscillations are
present, then their frequency becomes infinitely large both at the initial singularity
and the expansion end.
It is worthy to consider one particular case studied in detail in section III A for
the single matter phase cosmology. In this case the linear interaction law does not
depend on the DE density, i.e., θn = 0, Fn(ρvac, ρn) = −snρn. Thus every density
ρn satisfies its own linear equation, making the answer rather simple:
ρn =
Cn
V 1+wn−sn
, n = 1, 2, . . . Ni; ρvac = ρ∞ +
Ni∑
k=1
snCn
V 1+wn−sn
; (114)
it is an exact analog of the single matter phase solution (28), with all the properties
described in section III A. The solution (114) is physically meaningful under the
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condition
0 < sn < 1 + wn, n = 1, 2, . . . Ni ,
which is a generalization of the condition (111). It guarantees that all the densities,
including ρn, are positive and monotonically decreasing with matter vanishing at
infinity. However, the left inequality above is, in fact, necessary for only one value
of n, say, n = k, corresponding to the maximum difference (wn − sn),
wk − sk = max
1≤n≤Ni
(wn − sn) ,
providing that the DE density is positive at small times, near the singularity.
Depending on the values of the positive constants Cn, some of other parameters
sn, n 6= k, can be negative, with ρvac remaining positive throughout the expansion.
In this case it might be non-monotonic, having positive maxima and minima at
some moments of time.
2. Quadratic Interaction Laws
Here we set
Fn(ρvac, ρn) = −(sn/R)ρn(ρvac − ρ0), sn, R, ρ0 = const, R, ρ0 ≥ 0 . (115)
The governing equations (105) become:
dρn
dλ
+ (1 + wn)ρn =
sn
R
ρn(ρvac − ρ0), n = 1, 2, . . . Ni ;
dρvac
dλ
= − 1
R
Ni∑
n=1
snρn(ρvac − ρ0) . (116)
As usual, we are interested only in its physical solutions, with all the densities
positive and matter phase densities vanishing at the end of the expansion.
The autonomous system (116) of (Ni + 1) equations has a physical rest point
ρn = 0, ρvac = ρ∞ with any ρ∞ ≥ 0, i.e., the whole semi-axis ρvac ≥ 0 consists
of its equilibriia. They can attract solutions at large times; the corresponding
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asymptotic expressions for the case ρ∞ 6= ρ0 are (t, V → +∞):
ρn =
Dn
V 1+wn+γsn
[1 + o(1)] , γ =
ρ0 − ρ∞
R
, ρ∞ 6= ρ0; n = 1, 2, . . . Ni ; (117)
ρvac = ρ∞ − γskDk
(1 + wk + γsk)V 1+wk+γsk
[1 + o(1)] , wk + γsk = min
1≤n≤Ni
(wn + γsn) ;
here Dn > 0 is some constant. For the matter densities to vanish asymptotically,
the following condition is required, for all n:
1 + wn + γsn > 0 ,
which splits into two sets of inequalities:
a) ρ∞ > ρ0, sn <
R
ρ∞ − ρ0 (1+wn); b) ρ∞ < ρ0, sn > −
R
ρ0 − ρ∞ (1+wn) . (118)
In both cases the signs of the parameters sn are not fixed: some of them can be
positive, the other can be negative.
The large time asymptotics for the exceptional case of the attracting rest point
with ρvac = ρ0 is more complicated, except the obvious exact solution with the
constant DE density:
ρn = Dn/V
1+wn , n = 1, 2, . . . Ni; ρvac = ρ0 = const . (119)
Here there is no interaction between dark energy and matter, thus all the matter
species are conserved (by the formulas (119) and (103)). However, this solution,
and thus the parameter ρ0, can play a role in the initial behavior of solutions that
may ‘branch’ from the above one out of the singularity. The asymptotic formulas
describing such behavior are (t, V → +0):
ρn =
Dn
V 1+wn
[1 + o(1)] , D − n > 0, n = 1, 2, . . . Ni ; (120)
ρvac = ρ0 +D0 exp
[ −skDk
(1 + wk)V 1+wk
]
[1 + o(1)] , wk = max
1≤n≤Ni
wn, sk > 0 .
The last inequality is needed because the correction to ρ0 must vanish in the
limit. For the first time this correction proves to be exponentially small; all other
cosmological solutions obtained and discussed so far do not have this feature.
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A solution with the small time asymptotics (120) is similar to the solution (119)
in a sense that all matter in the universe described by it is born form a singularity,
and the DE density is finite at the initial moment of time. If this solution also
has the large time behavior described by the formulas (117), then the DE density
evolves from one value, ρ0, in the beginning, to some other, ρ∞, at the end of the
expansion.
The governing system (116) of (Ni + 1) equations can be reduced to just two
equations for any Ni > 1, since its Ni − 1 integrals are explicitly found. Indeed,
the first equation (116) implies
d ln ρn
dλ
+ (1 + wn) =
sn
R
(ρvac − ρ0), n = 1, 2, . . . Ni ,
allowing for the following Ni − 1 combinations:
sn
d ln ρ1
dλ
− s1d ln ρn
dλ
+ [sn(1 + w1)− s1(1 + wn)] = 0, n = 2, 3, . . . Ni .
This equations can be immediately integrated to give the expressions for all inter-
acting phase densities through the first one,
ρn = Anρ
θn
1 exp(βnλ) = Bnρ
θn
1 V
βn , Bn = An/V
βn∗ , n = 2, 3, . . . Ni ;
An, Bn > 0; θn = sn/s1, βn = −(1 + wn) + (sn/s1)(1 + w1) . (121)
What remains is the system (116) of two equations for ρ1 and ρvac, the second of
them with the coefficient depending general on the evolution variable (λ or V ):
dρ1
dλ
+ (1 + w1)ρ1 =
s1
R
ρ1(ρvac − ρ0), dρvac
dλ
= −P(ρ1, λ)
R
(ρvac − ρ0) ; (122)
P(ρ1, λ) =
Ni∑
n=1
snAnρ
θn
1 exp(βnλ) =
Ni∑
n=1
snBnρ
θn
1 V
βn .
Here by the definition (121) β1 = 0, θ1 = s1/s1 = 1, and we set A1 = 1; all the
densities ρ2, ρ3, . . . , ρNi are replaced with their expressions (??).
A physically meaningful solution of the system (122) together with the expres-
sions (121) provides the complete answer, i.e., a cosmological solution describing
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the universe with N matter species, of which Ni > 1 interact with dark energy by
the law (115).
We consider now one example where the equations integrate completely, that
is, the second order system (122) proves to be explicitly integrable. This is the
case when the equations (122) become autonomous, i.e., the independent variable
is not involved in the second of them. We take (see formulas (122))
βn = 0, sn = s1
1 + wn
1 + w1
, n = 2, 3, . . . Ni ;
note that all parameters sn are of the same sign. Using this in the definition (122)
of the function P we find
P(ρ1, λ) = s1
Ni∑
n=1
1 + wn
1 + w1
Anρ
1+wn
1+w1
1 ≡ s1Q(ρ1) , (123)
so the equations (122) become:
dρ1
dλ
+ (1 + w1)ρ1 =
s1
R
ρ1(ρvac − ρ0), dρvac
dλ
= −s1
R
Q(ρ1)(ρvac − ρ0) . (124)
Dividing the first of them by the second one we arrive to the equation with the
separable variables,
dρ1
dρvac
=
ρ1
Q(ρ1)
[
(1 + w1)R
s1(ρvac − ρ0) − 1
]
,
whose integral, by virtue of the expression (123), is:
s1
Ni∑
n=1
Anρ
1+wn
1+w1
1 = K − ρvac +
(1 + w1)R
s1
ln |ρvac − ρ0| ;
here K is a constant of integration. It is determined from the large time behavior
of a physical solution: in this limit ρ1 must vanish, and ρvac must tend to some
value ρ∞ ≥ 0, ρ∞ 6= ρ0. The l.h.s of the above equality goes to zero in this limit,
therefore the same must happen with the r.h.s, which gives
K = ρ∞ − (1 + w1)R
s1
ln |ρ∞ − ρ0| ,
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and the integral becomes
Ni∑
n=1
Anρ
1+wn
1+w1
1 = ρ∞ − ρvac +
(1 + w1)R
s1
ln
∣∣∣∣∣ρvac − ρ0ρ∞ − ρ0
∣∣∣∣∣ . (125)
It is convenient to treat this as an equation for the DE density as function of the
matter density depending also on the limit value ρ∞. If it has a solution ρvac =
ρvac(ρ1, ρ∞) such that ρvac(0, ρ∞) = ρ∞, then the first equation equation (124)
reduces to integrating a known function whose result determines ρ1(λ), or ρ1(V ):
ρ1∫ dx
x {1 + w1 + (s1/R) [ρ0 − ρvac(x)]} = −λ = ln
(
V∗
V
)
. (126)
If, in its turn, this equation has a solution ρ1 = ρ1(V ) going to zero when V → +∞,
then we have a consistent solution to the system (124). This is a cosmological
solution if both densities are positive on the whole semi–axis V > 0.
A simple enough graphic analysis of the transcendental equation (125) shows
that its positive solution ρvac = ρvac(ρ1, ρ∞) does exist under certain restriction
on the parameter values. First of all, the large time limit of DE density should be
smaller than ρ0,
ρ∞ < ρ0 . (127)
Under this condition there are two cases yielding solutions of a different type.
Case A Parameter s1, and hence all sn, are positive,
sn > 0, n = 1, 2, . . . , Ni . (128)
A single solution ρvac to the equation (125) then exists that increases from the
initial zero value to ρ∞ in the course of the expansion, while the density ρ1 decreases
from a finite initial value ρ∗ to zero (the value ρ∗ is found from the equation (125)
with ρvac = 0).This is not surprising, because the governing equations (116) show
that in this case the interaction reduces the matter phases and produces heavy
vacuum for 0 < ρvac < ρ∞ < ρ0. According to the expressions (121), all other
interacting matter densities ρn, n = 2, 3, . . . , Ni are also finite at the beginning of
the expansion.
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However, equation (126) shows that the finite initial value of ρ1 corresponds
to a finite non-zero initial value of V , or of the scale factor, which does not make
sense, unlike the situation described at the end of section III C 2. So we need to
extend the solution towards larger density ρ1 (smaller values of V ), but the DE
density becomes negative there, for ρ1 > ρ∗. The solution thus has no physical
meaning.
Case B Parameter s1, and hence all sn, are negative,
sn < 0, n = 1, 2, . . . , Ni . (129)
Here the positive solution ρvac to the equation (125) decreases from the initial
value to ρ0 to ρ∞, while the matter density ρ1, singular at the beginning, decreases
monotonically to zero. Dark energy permanently produces the interacting matter
phases while being reduced accordingly, which production slows down the decay
of matter densities, as compared to the absence of the interaction.
By the expressions (121), all interacting densities ρn, n = 1, 2, . . . , Ni, also
emerge from the initial singularity; since the DE density is finite, this is a cos-
mology of a mixed, singular—non-singular, type. From the equation (126) we find
that the initial behavior of the solution is given by the formulas (120), and its
final behavior is described by the expressions (117). So each matter density is
inversely proportional to some power of V , or the scale factor, at the beginning
of the expansion, and to some other power at its end. The initial dependencies
are the same as in the case without the interaction, because it becomes negligibly
small when ρvac → ρ0 + 0.
Finally, we note briefly the general quadratic interaction law
Fn(ρvac, ρn) = anρ
2
n + bnρ
2
vac + cnρnρvac + dnρn + enρvac , (130)
with some constants an, bn, cn, dn, and en. The condition for a physical equilib-
rium point is
bnρ
2
∗ + enρ∗ = 0, ρ∗ ≥ 0, , n = 1, 2, . . . , Ni .
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So an empty space is always a rest point, but the existence of a non-trivial de Sitter
equilibrium requires
ρ∗ = −bn/en > 0, n = 1, 2, . . . , Ni ,
giving Ni relations on the 5Ni parameters involved. For small values of matter
densities, i.e., in the large time limit, the solution is effectively governed by the
general linear law. Otherwise the signature of the quadratic form in the r.h.s. of
equation (121) is most important for the existence of physical solutions and their
properties.
3. Non-Singular Cosmologies
Non-singular cosmologies found in section III C for one matter specie exist in
the multiple matter component case as well. They evolve according to the general
picture of non-linear interaction described there, namely, as heteroclinic phase
trajectories connecting one physical rest point, ρn = 0, ρvac = ρ0 > 0, of the
system (105) with the other, ρn = 0, ρvac = ρ∞ > 0, now in the Ni+1–dimensional
phase space.
Note that if not all matter species interact with dark energy (Ni < N), then
a ‘mixed’ type cosmology is obtained in this way: the interacting components
and DE are non-singular, but the non-interacting ones start at a singularity. In
this case there is no limitations on the spacetime curvature pointed out in sec-
tion III C 2, because the denisities of the conserved components dominate every-
thing else, including the curvature contribution, at the expansion beginning. The
corresponding ‘mixed type’ universe can be either open, or flat, or closed. When all
the matter species are interacting, Ni = N , then an entirely non-singular universe
is necessarily open.
The semi–inverse method for constructing such solutions developed in the sec-
tion III D 1 also works in the general case. Indeed, in a complete similarity with
the one-specie Anzatz (68) we assume that a heteroclinic trajectory H is described
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by the equations
ρn = hn(ρvac), ρ∞ < ρvac < ρ0, hn(ρ0) = hn(ρ∞) = 0; n = 1, 2, . . . Ni , (131)
where the functions hn, positive inside their domain, are otherwise arbitrary. The
appropriate calculations go the same way as in the section III D 1.
Namely, the first Ni equations (105) require certain values of the interaction
functions Fn(ρvac, ρn) on the heteroclinic curve which are found from the linear
algebraic system (as usual, the prime denotes the derivative in ρvac):
− (1 + wk)hk(ρvac) = Fk(ρvac, hk(ρvac)) + h′k(ρvac)
Ni∑
n=1
Fn(ρvac, hn(ρvac)) ,
ρ∞ < ρvac < ρ0, k = 1, 2, . . . Ni .
It allows for a simple explicit solution: by summing up all the equations, we first
find the sum
S(ρvac) ≡ F
∣∣∣∣H=
Ni∑
n=1
Fn
∣∣∣∣H= −
Ni∑
n=1
(1 + wn)hn(ρvac)
1 +
Ni∑
n=1
h′n(ρvac)
, (132)
and then, from each of the above equations, functions Fn on the curve H:
Fk
∣∣∣∣H= −− (1 + wk)hk(ρvac)− S(ρvac), k = 1, 2, . . . Ni
(we do not actually use them in what follows). They have no singularity on the
interval [ρ∞, ρvac] under the condition
min
ρ∞≤ρvac≤ρ0
Ni∑
n=1
h
′
n(ρvac) > −1 , (133)
and can be extended from the curve H to the whole phase space in a continuum
of ways, as noted in section III D 1; the inequality (133) is a direct generalization
of the single-phase condition (70).
Now, by the formula (132), the last of the governing equations (105) on the
heteroclinic curve H becomes
dρvac
dλ
∣∣∣∣H= F
∣∣∣∣H= S(ρvac) = −
Ni∑
n=1
(1 + wn)hn(ρvac)
1 +
Ni∑
n=1
h′n(ρvac)
,
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so determining ρvac reduces to integrating the known function. The result, in terms
of the variable V , is:
exp
[
Hˆ(ρvac)
]
=
C
V
, Hˆ(ρvac) =
ρvac∫ 1 + Ni∑
n=1
h
′
n(x)
Ni∑
n=1
(1 + wn)hn(x)
dx , (134)
with C > 0 being a constant of integration. This is the analog of the equation (71)
for determining the DE density. If this transcendental equation has a positive
solution ρvac = ρvac(V ) decreasing monotonically from ρvac = ρ0 to ρvac = ρ∞,
then ρn = hn(ρvac(V )), and these Ni + 1 functions provide a solution of the sys-
tem (105) corresponding to the heteroclinic trajectoryH in its phase space. If exist,
the densities of non-interacting species are given by the usual expressions (103),
completing the solution describing a ‘mixed’ cosmology.
By specifying algebraic behavior of functions hn at the ends of the interval of
their definition, like in the equalities (72), one can find the asymptotic behavior
of the interacting densities at the beginning and end of the expansion, first as
functions of V , as it is done in the Appendix C, and then as functions of time, as
in the formulas (75), (76).
We here extend our calculations for just one special case, which leads to even
more similarity with the results of section III D 1, and hence to the set of partic-
ular exact solutions. Namely, we assume that the projections of the heteroclinic
trajectory H on each of the planes {ρn, ρvac}, n = 1, 2, . . . , Ni all have the same
shape. That is, we assume that hn(ρvac) differ from each other only by scaling:
hn(ρvac) = χnh(ρvac), χn > 0 ; (135)
h(ρvac) > 0 for ρ∞ < ρvac < ρ0, h(ρ∞) = h(ρ0) = 0 .
It is then straightforward to calculate, by the formula (134):
exp
[
Hˆ(ρvac)
]
= χ−
1
1+w¯
{
hˇ(ρvac) exp [H(ρvac)]
}
, H(ρvac) =
ρvac∫ dx
hˇ(x)
,
where
χ =
Ni∑
n=1
χn, 1 + w¯ =
1
χ
Ni∑
n=1
(1 + wn)χn, hˇ(ρvac) = χh(ρvac) .
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After some constant reassignment we can thus rewrite the resolving equation (134)
in exactly the form of the resolving equation (71) of the single–phase case:
hˇ(ρvac) expH(ρvac) = ρ∗
(
V∗
V
)1+w¯
, (136)
with just h sreplaced with hˇ, and w replaced with w¯. So one can use the exact
solutions of the examples from section III D 2 obtained for the fucntions
hˇ(ρvac) = (ρ0 − ρvac)(ρvac − ρ∞)/R, hˇ(ρvac) = θ(ρ0 − ρvac)(ρvac − ρ∞)/ρvac ,
hˇ(ρvac) = (ρ0 − ρvac)(ρvac − ρ∞)2/R2 ,
as well as construct many other.
C. Three Matter Phases: a Model for Our Universe
To get closer to the only reality known by us, we finally consider a cosmological
model with dark energy and three matter phases: dark matter (DM), w = 0,
normal matter, w = 0, and radiation, w = 1/3. There are many speculations
about a possible relation between the dark energy and dark matter, which seem
plausible intuitively. Following these ideas we here assume that only dark matter
interacts with dark energy, and the other two matter phases are conserved, as in
the usual cosmological models. This puts us in the case of the section IV A with
N = 3; we denote ρ1 = ρdm the DM density (w1 = 0), ρ2 = ρm the density of
normal matter (w2 = 0), and ρ3 = ρr the density of radiation (w3 = 1/3). The last
two species are conserved, so their densities are given by the standard formulas:
ρm = Cm/V, ρr = Cr/V
4/3, Cm,r > 0 . (137)
Thus there is always the Big Bang in this model, but DE and DM are not necessar-
ily involved in it. The behavior of ρ1 and ρvac is determined by the system (101),
written as
dρ1
dV
= −ρ1 + F (ρvac, ρ1)
V
,
dρvac
dV
=
F (ρvac, ρ1)
V
,
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or, in terms of λ = ln(V/V∗) and ρdm = ρ1, as
dρdm
dλ
= − [ρdm + F (ρvac, ρdm)] , dρvac
dλ
= F (ρvac, ρdm) . (138)
It is nothing else as the equations (23) with w = 0, so we can use all results of
section III in the discussion of our model of the Universe.
We start with a special linear interaction law (26), F (ρvac, ρdm) = −sρdm, when
the rate of DE reduction is proportional to the dark matter density. The corre-
sponding exact solution (28) reads:
ρdm =
Cdm
V 1−s
, ρvac = ρ∞ +
s
1− s
Cdm
V 1−s
; (139)
here Cdm > 0, ρ∞ ≥ 0 are arbitrary constants, and the interaction parameter s is
in the range (29), 0 < s < 1.
The expressions (139) and (137) combine to give a cosmological solution that
differs from the usual one, with the constant DE density, by the power in the
dependence of ρdm, V
−(1−s) instead of V −1. However, this difference is essential
form the point that, although both the dark and normal matter densities tend to
zero at large times, their ratio
ρdm/ρm ∝ (Cdm/Cm)V s →∞, V →∞ ,
tends to infinity at the large time limit independent of the parameters involved.
So, without any fine–tuning, dark matter dominates normal matter at later stages,
as observed in our universe. Otherwise, radiation dominates the early universe,
as usual, so the scale factor a(t) ∝ t1/2, t→ +0; non-vanishing DE dominates all
other components at later time providing the typical exponential time dependence
of the the scale factor (see formula (30)).
Interestingly, this linear model of interaction between DE and DM in our uni-
verse was checked against the observational data in a recent paper [27]. The au-
thors used the Planck 2013 data, the baryon acoustic oscillations measurements,
the type-Ia supernovae data, the Hubble constant measurement, the redshift space
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distortions data and the galaxy weak lensing data to estimate the parameter s (de-
noted β in the paper). One-sigma errors of the found estimates are larger than
100%. Generally, constraints on any interaction models are very important, but
they are definitely a subject of separate paper(s).
Next, as demonstrated in section IV A, the general interaction law (52),
F (ρvac, ρdm) = −sρdm + θ(ρvac − ρ∞), s, θ, ρ∞ = const, ρ∞ ≥ 0 ,
does not allow for any continuous physical solution. However, a solution of the
form (102) with a jump in the DE density is possible. In this case it is given by
the following expressions:
ρvac = ρ∞, ρdm = 0, ρm = Cm/V, ρr = Cr/V 4/3 for 0 < V < V∗ ;
ρvac = ρ∞ + |s|ρ∗
[
Q2
(
V∗
V
)|µ2|
+Q1
(
V∗
V
)|µ1|]
, ρdm = ρ∗
[(
V∗
V
)|µ2|
−
(
V∗
V
)|µ1|]
,
ρm = C
′
m/V, ρr = C
′
r/V
4/3 for V∗ < V < +∞ ; (140)
∆ρtot
∣∣∣
V=V∗
= (∆ρvac + ∆ρ)
∣∣∣
V=V∗
= ρ0 − ρ∞ + C
′
m − Cm
V∗
+
C
′
r − Cr
V
4/3
∗
= 0 ;
all the parameters are restricted as in the formulas (102), and ρ0 = ρvac(V∗ + 0).
In this cosmology matter and radiation are born from a singularity on the
background of a finite DE density remaining constant, ρvac = ρ∞, until some
moment of time t∗, V∗ = V (t∗). At this moment the two existing non-interacting
species undergo an instant phase transition raising the DE density to the value
ρ0 > ρ∞. After this the DE density relaxes all the time back to its initial value ρ∞,
and dark matter appears whose density first grows, then reaches some maximum,
and then declines to zero at infinity; the evolution of the two interacting species
is depicted in fig. 1.
As before, this example leads us to non-singular cosmologies appearing under
non-linear interaction laws, i.e., to the results of sections III C 2, III D, which all
apply to our current model. Non-singular cosmological solutions discussed and ex-
plicitly found there correspond to heteroclinic curves in the phase plane {ρvac, ρdm}
connecting two de Sitter equlibrium states with ρvac = ρ0 and ρvac = ρ∞. So the
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dark energy density evolves from the initial value ρ0 to the final value ρ∞. Dark
matter appears at the start of the evolution, its density reaches a maximum (whose
value depends on the model parameters, c.f. formulas (82), (87), (92)) at some
moment of time, and then tends back to zero.
The conserved radiation and normal matter are born in a singularity, their
densities evolve according to the usual expressions (137). At large times DM often
dominates normal matter, since the former goes to zero slower than the latter.
This is clearly seen from the asymptotic formulas (C4) in the cases a) and b),
when at large times the ratio ρdm/ρm tends to infinity independent of the model
parameters. In the case c) both densities have the same later times dependence
∝ V −1, so the DM dominance requires parameter tuning.
Of course, our universe can be also modeled with two or all the matter phases
interacting with DE; the results of section IV B apply to such models.
V. CONCLUSION
We pointed out that dark energy is not necessarily uniform if it coexists with
matter: its density might vary in space and time due to the interaction between the
two gravity sources. Based on this idea, we systematically studied the Friedmann
cosmology with changing cosmological constant (or DE density proportional to
it), first for one matter phase (single equation of state), and then for an arbitrary
number of matter species. We modeled the DE–matter interaction by specifying
the rate of change of the DE density as an arbitrary function of it and the density of
matter, in a single–phase case. In the case of several matter components interacting
with dark energy we assumed the rate of every interacting phase density to be an
arbitrary function of this density and the DE density. We thus neglected the
interaction of matter phases with each other, as usual; any number of entirely
non-interacting, conserved matter species might accompany the interacting ones
in our model.
Within this framework we indicated some properties of cosmological solutions
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which hold for a general law of DE–matter interaction. We also studied numerous
families of exact solutions obtained for particular interactions; some of them still
contain arbitrary functions of one of the densities.
In particular, we found singular solutions with no horizon problem in some range
of parameters. Depending on the latter, the scale factor can grow in the beginning
of the cosmological expansion as an arbitrary large power of time, so that one
can speak about the ‘power inflation’. These solutions are always dominated by
dark energy after some moment of time; depending on parameters, the domination
might start at the singularity and continue throughout the whole expansion.
We most thoroughly investigated non-singular cosmologies (or partially non-
singular, ‘mixed’ ones, if the conserved matter components are present: their den-
sities evolve by the usual formulas with initial singularity). We found a general
mechanism of their existence. Namely, non-singular cosmological solutions are
represented by heteroclinic trajectories in the phase space of interacting matter
densities and the DE density. Each such trajectory connects two de Sitter uni-
verses (pure uniform dark energy) with different DE densities (a non-generic case
when the initial and final density values coincide corresponds to a homoclinic tra-
jectory). We developed a semi–inverse method for solving the equations governing
cosmological evolution that allows one to explicitly construct any number of non-
singular cosmological solutions, with several examples treated in detail.
Very often different cosmological solutions exist for a given interaction law, for
instance, some of them singular, and other non-singular. In a sense, this is what is
called a multiverse, because those different solutions can describe many universes
existing in parallel.
We finally considered a model for our universe consisting of four components
(radiation, normal matter, dark matter, and dark energy) under the assumption
that only dark matter interacts with dark energy. This means that radiation and
normal matter are both born in a Big Bang, while the DE and DM densities can
be either singular or non-singular, in the ‘mixed’ case. Among various properties
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of the considered exact solutions we note the typical domination of dark matter
over the normal one at later stages of the expansion, which takes place for any
values of the model parameters, without any tuning.
All these and other results were obtained strictly within the theory of gen-
eral relativity, without any modifications, such as extra space–time dimensions,
additional fields, etc. (recent restrictions on such extended models derived from
observations and tests are found in papers [28] - [30]). This fundamental physical
theory remains vibrant at its centennial, despite many alternative suggestions.
As for cosmology, the choice of the model for our universe is ultimately de-
termined by observations. As far as our model, with dark energy and matter
interacting, goes, one can think, in the very long run, about reconstructing the
real interaction law from observational data.
Our approach to general relativistic solutions with interacting dark energy and
matter can be used in various other problems, starting with the classical spherically
symmetric case.
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Appendix A: The ρvac(H) Model as a Particular Case of the Model (21)
Our general model (21) of interaction between one–phase matter and DE incor-
porates ρvac(H) model of flat universe introduced in paper [15] (more references
are given in section III). To show this, we set the interaction function to be
F (ρvac, ρ) = F (ρvac + ρ) = F (ρtot) . (A1)
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By the first of the Friedmann equations (11) with k = 0,
3
8pi
H2 = ρ+ ρvac, H =
a˙
a
, (A2)
we obtain thus
F (ρvac, ρ) = F (ρtot) = Φ(H) , (A3)
where Φ is arbitrary as far as F is. The two equations (22) (energy conservation
and interaction model) written in terms of H are
ρ˙ = −3H [(1 + w)ρ+ Φ(H)] , ρ˙vac = 3HΦ(H) , (A4)
where the dot denotes the derivative in time, as usual; equations (A2), (A4) com-
pletely determine the cosmological expansion.
Assuming now ρvac = ρvac(H), form the first equation (A2) we find the matter
density as a function of H,
ρ(H) =
3
8pi
H2 − ρvac(H) ,
which converts the equations (A4) to (the prime denotes the derivative in H):
H˙ = −3H (1 + w) [(3H
2/8pi)− ρvac(H)] + Φ(H)
(3H/4pi)− ρ′vac(H)
, H˙ = 3H
Φ(H)
ρ′vac(H)
(A5)
The compatibility condition for these two equations apparently is:
−(1 + w) [(3H
2/8pi)− ρvac(H)] + Φ(H)
(3H/4pi)− ρ′vac(H)
=
Φ(H)
ρ′vac(H)
,
or
Φ(H) =
(1 + w) [(3H2/8pi)− ρvac(H)]
(3H/4piρ′vac(H))− 1
. (A6)
If the function ρvac(H) is specified, as it is always done in the papers on the ρvac(H)
model cited in sec. III, then the interaction function Φ(H) is expressed through
it by this formula. If, on the other hand, one specifies the interaction Φ(H), then
the formula (A6) turns to a first order differential equation defining ρvac(H). In
both cases H(t) is then found in quadratures from the single first order differential
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equation (A5), determining both densities as functions of time, as well as the scale
factor, a(t) ∼ exp
[
t∫
H(t
′
)dt
′
]
.
In several papers (see [24] and the references therein) the dynamical DE density
ρvac(H) was used in its simplest form of an even quadratic polynomial,
ρvac(H) = ρ0 + αH
2, ρ0, α = const > 0 . (A7)
Formula (A6) shows that the interaction function Φ(H) is also quadratic in this
case,
Φ(H) =
1 + w
(3/8piα)− 1
{
[(3/8pi)− α]H2 − ρ0
}
.
Remarkably, this requires α 6= 3/8pi: if the opposite is true, then the Friedmann
equation (A2) reduces ρ + ρ0 = 0, which can only be valid if ρ = ρ0 = 0,
since both densities are non-negative. The same argument shows that a physically
meaningful solution requires α < 3/8pi; otherwise at least one of the densities
becomes negative.
We now extend the ρvac(H) model to the open and closed universe, k = ∓1;
some particular cases of this model were considered in papers [32], [33]. Equa-
tions (A2), along with equation of the total energy conservation, now read:
3
8pi
H2 = ρ+ ρvac − k
a2
,
a˙
a
= H, ρ˙+ ρ˙vac = −3H(1 + w)ρ . (A8)
This gives three equations for the three unknown functions of time, H, a and ρ,
because ρvac is a given function of H, and ρ˙vac = ρ
′
vacH˙.
The first of the equations (A8) allows us to eliminate the scale factor a(t) from
the other two: we have
a2 =
k
(ρ+ ρvac)− (3/8pi)H2 ,
a˙
a
= − ρ˙+
[
ρ
′
vac − (3/4pi)H
]
H˙
2 [(ρ+ ρvac)− (3/8pi)H2] . (A9)
So the second and third equations (A8) become:
ρ˙+
[
ρ
′
vac − (3/4pi)H
]
H˙ = 2H
[
(3/8pi)H2 − (ρ+ ρvac)
]
;
ρ˙+ ρ
′
vacH˙ = −3H(1 + w)ρ .
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Solving this linear algebraic equations for ρ˙ and H˙, we obtain the governing system
of two autonomous equations resolved with respect to the derivatives,
H˙ = −8pi
3
{[
3
8pi
H2 − ρvac(H)
]
+ (2 + 3w)ρ
}
; (A10)
ρ˙+
[
3(1 + w)H − 8pi
3
(2 + 3w)ρ
′
vac(H)
]
ρ =
8pi
3
[
3
8pi
H2 − ρvac(H)
]
ρ
′
vac(H) ,
for the two unknown functions H(t) and ρ(t).
Note that the parameter k designating open or closed universe case dropped
out of this system. However, the first of the relations (A9) requires
k
[
(ρ+ ρvac)− (3/8pi)H2
]
> 0 , (A11)
which condition, as well as the usual ρ > 0, significantly limits the set of physical
solutions.
Moreover, since, by the first equation (A10),
ρ˙vac = ρ
′
vacH˙ = −ρ
′
vac
8pi
3
{[
(3/8pi)H2 − ρvac(H)
]
+ (2 + 3w)ρ
}
,
we find
dρvac
dV
=
8piρ
′
vac
9H
{[
(3/8pi)H2 − ρvac(H)
]
+ (2 + 3w)ρ
}
= F (ρvac, ρ) , (A12)
because H = H(ρvac). Therefore the ρvac(H) model for the open and closed uni-
verse (k = ∓1) is also a particular case of our DE–matter interaction model (21).
If H(t) and ρ(t) are found from the system (A10), then the DE density is given
by ρvac = ρvac(H(t)), and the scale factor is determined by the first equation (A9).
In practice, a natural way to solve the system (A10) is to express ρ form its first
equation and introduce to the second one. This gives a second order autonomous
differential equation for H(t), which reduces, by means of a standard transforma-
tion, to a first order equation for H˙ as a function of H. When the latter can be
analytically integrated, an exact solution of the whole problem can be obtained.
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Appendix B: Two Classes of Non-Linear Interaction Laws Allowing for
General Explicit Solutions (the Case of a Single Matter Phase)
Here we study two interaction laws depending on both densities ρ and ρvac, for
which the equations governing cosmological evolution are explicitly integrable.
First, we deal with the interaction function which is conveniently written as
F (ρvac, ρ) = ρ/f
′
(ρvac) , (B1)
f(ρvac) being an arbitrary function. Accordingly, the governing system (23) takes
the form
dρ
dλ
= −ρ
[
(1 + w) +
1
f ′(ρvac)
]
;
dρvac
dλ
=
ρ
f ′(ρvac)
. (B2)
Dividing the first equation by the second one gives
dρ
dρvac
= −1− (1 + w)f ′(ρvac) ,
which is immediately integrated to produce the matter density as an explicit func-
tion of the density of heavy vacuum:
ρ = ρ(ρvac) = r − ρvac − (1 + w)f(ρvac) (B3)
(r is an arbitrary constant of integration). Using this in the second equation (B2)
we determine the dependence of ρvac on λ, or on V :
ρvac∫ f ′(x)dx
ρvac + (1 + w)f(ρvac)− r = −λ = ln
V∗
V
. (B4)
If this transcendental equation has a solution ρvac(V ), then ρ = ρ(ρvac(V )) is given
by the expression (B3), and we obtain thus an exact solution of the system (B2).
All the solutions are described by the integrals (B3) and (B4), so the system (B2)
is completely integrable.
However, even if a solution to the equation (B4) exists, it might not lead to
a proper cosmological solution, since the latter requires the two densities to be
non-negative, the matter density to vanish at large times (V → ∞), and the DE
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density to stay finite in the same limit. Formulating some sufficient but general
enough conditions on the function f(ρvac) that guarantee this is rather difficult, if
possible at all. It is also not easy to find a particular function f(ρvac) that provides
a simple enough physical solution.
We now turn to the interaction law of the form
F (ρvac, ρ) = −(1 + w)ρρvacf
′
(ρ)
1 + ρvacf
′(ρ)
, (B5)
where f(ρ) is arbitrary. This might seem too elaborate, but it allows for an exact
integration of the governing system (23), which is
dρ
dλ
= − [(1 + w)ρ+ F ] = − (1 + w)ρ
1 + ρvacf
′(ρ)
;
dρvac
dλ
= F (ρvac, ρ) . (B6)
Indeed, we rewrite the expression (B5) as
F = −ρvacf ′(ρ) [(1 + w)ρ+ F ] = ρvacf ′(ρ)dρ
dλ
,
where the last equality is implied by the first equation (B6). Hence
F = ρvac
df(ρ)
dλ
,
so the second equation (B6) becomes
dρvac
dλ
= ρvac
df(ρ)
dλ
,
and immediately integrates to give the DE density as a function of the density of
matter:
ρvac = ρvac(ρ) = r exp[f(ρ)] (B7)
(r > 0 is a constant of integration). Using this in the first equation (B6) we
turn it to the equation with separable variables whose integral is a transcendental
equation determining ρ = ρ(V ):
ρ∫ 1 + rf ′(x) exp[f(x)]
x
dx = −(1 + w)λ = ln
(
V∗
V
)1+w
. (B8)
As in the previous case, any solution of this combined with the expression (B7)
gives a solution to the system (23). And again, by far not any such solution makes
physical sense.
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Appendix C: Behavior of Non–Singular Cosmological Solutions
Obtained by the Semi–Inverse Method in the Beginning and at the End of
the Expansion (the Case of a Single Matter Phase)
Under the conditions (72) - (74), let us check the behavior of the solution ρvac(V )
to the resolving equation (71), derived in section III D, in the limits ρvac → ρ0− 0
and ρvac → ρ∞ + 0, i.e., at the beginning and end of the expansion.
For the first limit we use the second representation (72) to evaluate asymptot-
ically the integral H(ρvac) involved in the equation (71), which gives:
H(ρvac) = −(ρ0 − ρvac)
1−ν0
h0(1− ν0) , ν0 6= 1; H(ρvac) = −
1
h0
ln(ρ0 − ρvac), ν0 = 1 .
Therefore we obtain the following asymptotic forms of this equation for ρvac(V ):
(ρvac − ρ0)ν0 exp
[
−(ρ0 − ρvac)
1−ν0
h0(1− ν0)
]
= (ρ0)
ν0
(
V∗
V
)1+w
, ν0 > 1 ;
(ρ0 − ρvac)1−1/h0 = (ρ0)1−1/h0
(
V∗
V
)1+w
, ν0 = 1 . (C1)
The constants (ρ0)
ν0 , (ρ0)
1−1/h∞ are introduced here for the consistency of writing;
effectively, only one arbitrary constant is present in each line.
The left hand sides of the above equations tend to infinity when ρvac → ρ0 − 0
(recall that in the second line 0 < h0 < 1 by the condition (74)). Their right
hand sides match this infinity only when V → +0; so the expansion necessarily
starts with the zero value of the scale factor. As shown in section III C 2, this
is only possible for the solution describing the open universe. Hence only the
open non-singular cosmologies are found by the semi-inverse method under the
conditions (72) - (74).
Next, using the first representation (72), we calculate the asymptotics of the
integral H(ρvac) in the limit ρvac(V )→ ρ∞ + 0:
H(ρvac) =
ρvac∫ dv
h(v)
=
1
h∞(1− ν∞)(ρvac − ρ∞)
1−ν∞ , ν∞ 6= 1 ;
H(ρvac) =
1
h∞
ln(ρvac − ρ∞), ν∞ = 1 .
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Equation (71) in this limit becomes thus
(ρvac − ρ∞)ν∞ exp
[
(ρvac − ρ∞)1−ν∞
h∞(1− ν∞)
]
= (ρ∞)ν∞
(
V∗
V
)1+w
, ν∞ 6= 1 ;
(ρvac − ρ∞)1+1/h∞ = (ρ∞)1+1/h∞
(
V∗
V
)1+w
, ν∞ = 1 . (C2)
As in the previous case, the left hand sides of the equations (C2) tend to infinity
when ρvac(V )→ ρ∞+ 0 for any ν∞ > 0. The right hand sides become infinite only
when V → +∞, which is the right limit for t→∞.
Equations (C1) and (C2) imply the following asymptotic behavior of both den-
sities (main terms only; V∗ > 0 is an arbitrary constant):
V → +0 (t→ +0), open universe
a) for ν0 > 1,
ρvac = ρ0 − [(1 + w)h0(ν0 − 1) ln(V/V∗)]−
1
ν0−1 ,
ρ = h0 [(1 + w)h0(ν0 − 1) ln (V/V∗)]−
ν0
ν0−1 ;
b) for ν0 = 1, 0 < h0 < 1, (C3)
ρ0 − ρvac ∼ ρ ∼ ρ0(V/V∗)
(1+w)h0
1−h0 .
V → +∞ (t→ +∞), open universe
a) for ν∞ > 1,
ρvac = ρ∞ +
[
(1 + w)h∞(ν∞ − 1) ln V
V∗
]− 1
ν∞−1
,
ρ = h∞
[
(1 + w)h∞(ν∞ − 1) ln V
V∗
]− ν∞
ν∞−1
;
b) for ν∞ = 1, (C4)
ρvac − ρ∞ ∼ ρ ∼ ρ∞(V/V∗)−
(1+w)h∞
1+h∞ ;
c) for 0 < ν∞ < 1,
ρvac = ρ∞
[
1 + (V/V∗)
− 1+w
ν∞
]
ρ = ρ∞(V/V∗)−(1+w) .
Recall that ν0,∞ and h0,∞ are positive constants defined by formulas (72) subject
to the conditions (74). Asymptotic formulas (C3), (C4) can be converted into time
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dependencies using scale factor expressions (64) and (65); they are given by the
equalities (75) and (76).
[1] Gliner E.B. Sov. Phys. JETP, 22 378 (1965).
[2] Gliner E.B. Sov. Phys. Doklady, 15 559 (1970).
[3] Gliner E.B., Dymnikova I.G. Sov. Astron. Lett., 1 93 (1975).
[4] Buchert T., Cooley A.A., Kleinert H., Roukema B.F., Wiltshire, D.L. arXiv:
1512.03313v1 [astro-ph.CO] (2015).
[5] Sahni V., Shafieloo A., Starobinsky A.A. arXiv: 1406.2209v3 [astro-ph.CO] (2014).
[6] Overduin J.M, Cooperstock F.I. Phys. Rev. D, 58, 043506 (1998).
[7] Overduin J.M. Ap. J., 517, L1 (1999).
[8] Sahni V., Starobinsky A.A. arXiv: 1406.2209v3 [astro-ph.CO] (2000).
[9] Peebles P.J.E., Ratra B. Rev. Mod. Phys. 75, 559 (2003).
[10] Padmanabhan T. Phys. Rep. 380, 235 (2003).
[11] Sahni V., Starobinsky A.A. Int. J. Mod. Phys. D 15, 2105 (2006).
[12] Bamba K., Capozziello S., Nojiri S., Odintsov S.D. Astrophys. Space Sci. 342, 155
(2012). arXiv:1205.3421 [gr-qc].
[13] Faraoni V., Dent J.B., Saridakis E.N. Phys. Rev. D 90, 063510 (2014).
arXiv:1405.7288 [gr-qc].
[14] Zeldovich Ya.B. JETP, 41 1609 (1961).(in Russian)
[15] Shapiro I.L., Sola` J. Phys. Lett. B, 475 235 (2000); IHEP 0202 006 (2002); Phys.
Lett. B, 682 105 (2008).
[16] Sola` J. J.of Phys. A, 41 164066 (2008).
[17] Sola` J. J.of Phys. Conf. Ser., 453 012015 (2013) [arXiv: 1306.1527].
[18] Lima J.A.S., Basilakos S., Sola` J. arXiv: 1509.00163 [gr-qc] (2015).
[19] Silbergleit A.S. Astron. and Astrophys. Transactions, 21 171 (2002).
[20] Lima J.A.S., Basilakos S., Sola` J. MNRAS , 431 923 (2013); Gen. Relat. Grav.,47
76
15 (2015).
[21] Basilakos S., Lima J.A.S., Sola` J. Int. J. of Mod. Phys. D , 22 1342008 (2013); 23
1442011 (2014).
[22] Perico E.L.D., Lima J.A.S., Basilakos S., Sola` J. Phys. Rev. D , 88 063531 (2013).
[23] Sola` J., Go´mez-Valent A. Int. J. of Mod. Phys. D , 24 1541003 (2015).
[24] Basilakos S., Sola` J. arXiv: 1509.0673 [gr-qc] (2015).
[25] Schultz H.G., Just W. Deterministic Chaos: An Introduction. Wiley, 2006.
[26] Mottola E. Phys. Rev. D, 89 (10) (2013) (arXiv: 1310.0030v1 [gr-qc]).
[27] Li Y.-H., Zhang J.-F., Zhang X. arXiv: 1506.06349v3 [astro-ph.CO] (2016).
[28] Overduin J. M, Everett R.D., and Wesson P.S. Gen. Relat. Gravit., 45, 172 (2013).
[29] Bailey Q.G., Everett R.D., Overduin J.M. Phys. Rev. D, 88, 102001 (2013).
[30] Farajollahi H., Salehi A. Gen. Relat. Grav., 45 , 1271 (2013).
[31] Chernin A.D., Santiago D.I., Silbergleit A.S. Phys. Lett. A, 294 79 (2002).
[32] Lima J.A.S. Phys. Rev. D, 53 4280 (1996).
[33] Lima J.A.S. , Perico E.L.D., Zilioti G.J.M. Int. J. of Mod. Phys., 24 1541006 (2015).
[34] Matter with the EOS where w is negative, but larger than −1, is usually called
quintessense. Its gravity is attractive for −1/3 < w < 0, repulsive for −1 < w <
−1/3, and ‘neutral’ when w = −1/3 (no gravitational acceleration). Since Einstein
effectively used neutral quintessense in his static cosmological model of 1917, we
named it ‘Einstein’s quintessense’ in our paper [31].
[35] The term Hubble parameter is, in fact misleading, since it is a fucntion of time,
H = H(t). So it would be better to call it the Hubble function; in this paper,
however, we go along with the universal usage.
77
